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The calculation of longitude and latitude from geodesic measurements*

F. W. Bessel

Konigsberg Observatory

(Originally published: October 1825; translated: August 13, 2009)

1. INTRODUCTION

Consider a geodesic line between two poidtand B on
the surface of the Earth. Given the positionfthe length of

the line and its azimuth at, we wish to determine the posi-
tion of B and the azimuth of the line there. This problem oc-
curs so frequently that | undertook to construct tablesn® si

plify the computation. In order to explain the method clgdrl
start by deriving the fundamental properties of geodesisli
on a spheroid of revolution.

the radius of the circle of latitude be and the meridional
radius of curvature by; then we find

dr

dscosa = —Rdp = ——,
¢ sin ¢ Q)

dssina = —r dw,

which gives

ds = v/ R2d¢p? + r? dw?.

Even though aspects of this

derivation may already be well known, the benefit of havinglf we write p for d¢/dw andU for \/R%p? + r2, this becomes
the entire development presented together outweighs tte co

of repeating itt

2. THE CHARACTERISTIC EQUATION FOR A GEODESIC

Take two points4 and B on the surface on a spherdid

of revolution joined by some specified curve. Consider tWo, nare the integration is from to B.

neighboring points on the curve with latitudesand ¢ + d¢
and longitudes relative td of w andw + dw (measuring east
positive). Let the distance between themibgethe azimuth of

line directed toward! bea (measured clockwise from north),

*This is an English translation &fber die Berechnung der geographischen

Langen und Breiten aus geodatischen Vermessyngstronomische Nach-
richten 4(86), 241-254 (1826), dbi:10.1002/asna.18260041601. pEper
also appears iAbhandlungen von Friedrich Wilhelm Bessél. 3, pp. 5-
14 (W. Engelmann, Leipzig, 1876). The translation has beepgred and
edited by Charles F. F. Karn€gkarney@sarnoff.cojmrand Rodney E. Deakin

(rod.deakin@rmit.edu.gu with the assistance of Max Hunter and Stephan

Brunner. The mathematical notation has been updated t@mconi cur-

rent conventions and, in a few places, the equations have feegranged

for clarity. Several errors have been corrected, a figurebleas included,

and the tables have been recomputed. A transcription ofrilgenal paper

with the updated mathematical notation and with the cooestis available

at/arXiv:0908.1823. A contemporary, but partial, traniskainto English ap-

peared in Quart. Jour. Roy. In&1(41), 138-152 (1826).

1In Secs[PH, Bessel gives a concise summary of the work efalesther
authors, notably, Clairaut, du Séjour, Legendre, andrdriBessel’s con-
tributions, which start in SeE] 5, consist of his methodsefqpanding the
distance and longitude integrals and his compilation oetln provide a
practical method for computing geodesics. Two sentences len omit-
ted from this translation of the introduction. In one, Béseéers to two
letters he published earlier in tlestronomische Nachrichtemhich do not,
however, have a direct bearing on the present work. In therokte criti-
cizes "du Séjour’s method,” but without providing detailsany case, such
criticism is misplaced because du Séjour had died over asyaarlier and
Bessel does not cite more recent work.

2“Spheroid” here is used in the sense of a shape approximatisghere.
Sectiong P and]3 treat the case of a rotationally symmetrth.em Sec[#,
Bessel specializes to a rotationally symmetric ellipsoid.

ds = U dw.
The distance along the curve between the two poindsd B

is therefore
s = /wa,

If the curve is the
geodesic oshortestpath, then the relation betweenandw
must be such that the integral is a minimum. If we perturb this
relation so tha is replaced by + z wherez is an arbitrary
function ofw which vanishes at the end points (because these
points lie on both curves), then the perturbed length,

s’z/U’dw7

must be larger thanfor all z.
Expanding’ (¢, p) in a Taylor series, we obtain
ou oU dz

/7 _ _
U —U—l—a(bz—l-apdw—l-...

and therefore we have

s’—s—i—/ ('“)_UZ_’_B_U% dw +
B 0¢ dp dw Y

where we have explicitly included terms only up to first order
in z. For s to be a minimum, we require that

/ a—Uz—l-a—U% dw +
o dp dw v

3 The minus signs appear il (1) becausés the back azimuth, pointing to
A, while ds advances the geodesic away frofn In this section, Bessel
assumes an easterly geodesic sodidtiw > 0. However the final result,
Eqg. [2), is general.

4 The notation here employs partial derivatives instead afsBEs less for-
mal use of differentials.
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for all z. Since this must also hold # is replaced by—z
and since we can takeso small that the first order terms are
bigger that the sum of all the higher order terms (excep#f th
first order terms vanish), it follows that the condition thdite

minimum is
oU

Integrating the second term by parts to giv@U/dp) —
J 2[d(dU /dp)/dw] dw and remembering that vanishes at
the end points, we obtain

oUu

[ {56~ () fao=o

o6 dw
Since this integral must vanish farbitrary z, we finc®

ou  d <6U)

06 dw\ dp
or, multiplying byde¢/dw = p,

oU dz
dp dw

QU ds OUdp _dpoU _ d (0U\ _ g
Op dw  Opdw dw Op L op )
which on integrating with respect to become$
U —p<d—U> = const.
dp

Substituting,/r2 + R2p?2 for U, we obtairf

r

= —rsina = const.,

which is the well known characteristic equation of the geo-

desic.
If the azimuth of the geodesic dt(in the direction ofB) is
o' and the distance of from the rotation axis is’, we have

r’ sin(a’ + 180°) = rsin a,
or

r'sina/ = —rsina.

(2)

3. THE AUXILIARY SPHERE

Figure 1 Spherical triangles on the auxiliary sphefeAB is the
geodesic,N is the pole;EF G is the equator; and&VE, NAF, and
NBG are meridians.

and equatior{2) becomes

cosu’sina’ = — cosusina. 3)
This equation relates two sides of a spherical triafgle —
v’ and90° — u, and their opposite angle360° — « andc«’.
The third sides and its opposite angle will appear in the
following calculations giving elegant expressions for jihiat
variations ofs, v andw. In particular, using the well known
differential formulas of spherical trigonometry, we ftdd

du = — cosa do,

cosudw = —sinado.

Substituting these in equations (1) and expressingterms
of u gives

ds=a s?n Y do,
sin ¢
sinu )
dw = w.
sin ¢

4. THE EQUATIONS FOR A GEODESIC ON AN ELLIPSOID

I now assume that the meridian is an ellipse with equa-
torial semi-axisa, polar semi-axish, and eccentricitye =

Let the maximum distance of the spheroid to the rotationv’a? — b2/a.1* The equation for an ellipse expressed in terms

axis bea, so thatr andr’ are less than or equal tg we can
then writé

/ /
r’ =acosu, T =acosu,

5 This is the Euler-Lagrange equation of the calculus of tiaris.

6 This is now known as the Beltrami identity.

7A. C. Clairaut gives a geometric derivation of this resultNtem. de
I'’Acad. Roy. des Sciences de Paris, 1733, 406-416 (1735) efjuation
also follows from conservation of angular momentum for a srelgling
without friction on a spheroid of revolution.

8 The quantityu is thereducedor parametriclatitude.

9 See the trianglel BN on the “auxiliary sphere” in Fid]1; Equatiobl (3) is
the sine rule applied to anglesand B of the triangle.

10 Here and in the rest of the paper, the differentials give tlowement of
point B along the geodesic defined with poittanda’ held fixed.

11 |n Bessel's time, it was known that the earth could be appnetéd by an
oblate ellipsoid,a > b, but the eccentricity had not been determined ac-
curately. Therefore, Bessel computes tables which arécapp¢ to oblate
ellipsoids with a range of eccentricities. However, théeseexpansions
that Bessel obtaind,_(IL1) arid[12), can also to applied taterellipsoids,

a < b, by allowinge? < 0.
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of cartesian coordinates is Equations[(B) then becortfe
1’2 2 . .
_2+y_2:1_ sinu = cosmsin(M + o),
) o ) “ _b ) cosucosa = —cosmcos(M + o), (8)
Differentiating this and settindy/dxz = — cot ¢, we obtain . .
cosusmae = — smmm.
rsing  ycos¢ o
2 2 0; This gives
eliminatingy between these equations then gives cos?u = 1 — cos® msin*(M + o),
T = w, and the equation fats becomes
V1 —e2sin? ¢
The quantityz is the same as = a cosu, which gives the ds =a\/1— €2 \/1 + k2sin®*(M + o) do, 9)
relationships betweesi andu,
. where
cosu= B0 pgpo CSUVIZE L ccosm
V1 —e2sin? ¢ V1 —e?cos?u Nk
novi1— e2 i - . . . .
Sinu = M, sing = —— % This differential equation may be integrated in terms of the
1 —e2sin¢ V1 —e?cos?u elliptic integrals introduced by LegendteBecause the tools
\/—2 tanu to compute these special functions are not yet sufficierty v
tanu = tangy1—e?,  tang = Nir=a satilel® we instead develop a series solution which converges
q rapidly because? is so small. We readily achieve this by de-
an . composing the term under the square root into two complex
SIU_ T 2 eos? factors, namely/
sin ¢
Substituting this into[]4)_, we obtain the differential etjoas ds = aY 1—¢? do
for a geodesic on an ellipsoid 1—e€
ds = av/1 = Fcos? udo, o V1= cexp(2i(M +0)) /1~ coxp(~2i(M +0)
dw = /1 — e2 cos? u dw. where
VI+EZ -1 2\/€
€= —o-——, k=-—"—.
5. THE DISTANCE INTEGRAL V1+EkE24+1 1—e€

| useExpanding the two factors in the radicals in infinite seried a

To integrate the first of these differential equations, S .
multiplying the results give§

the three relations betweet, u, o/, a ando,1?

. . 12 ! !

sinu = sinu’ coso + cosu’ cosa’ sin o, T 2
—cosucosa = —sinu'sino + cosu’ cosa’ cosa,  (6) ds=a 1—¢ do[A —2Bcos2(M +0)
—cosusina = cosu’sina’. —2Ccos4(M + o) — 2D cos6(M + o) — .. ],

It is convenient to write these in terms of the auxiliary &gl
m andM defined by®

< I __ Q 3

sinu’ = cosmsin M, 14 These are analogs of Eds] (7) with meridisiA F' replaced byNBG.

cosu’ cosa’ = cosm cos M, (7 15A. M. Legendre, Exercices du calcul integral\Vol. 1 (Courcier, Paris,
1811).

16 Even though good numerical algorithms for elliptic intdgrare available,
these usually require linking to an additional library afwat, that reason,
computations of geodesics are still usually in terms of &ser

17 The notation has been simplified here compared to Bessétdjmar for-

cosu sina’ = sinm.

12 Referring to Fig[lL, consider two central cartesian coatirsystems with mulation in WTChk ande are expressed in terms afthroughk = tan £
the zy plane containing the geodesiéA B, and either4 or B lying on ande = tan® ; . By usinge as the expansion parameter and by dividing
the z axis. Equations[{6) give the transformation between thedioo out Fhe chtorl — ¢, Bessel has ens_ured that the terms that he is expanding
nates of N in the two systemsisinu’, cosu’ cos o, cos u’ sin /] and are invariant under the transformatior— —e, M +o0 — n/2—(M+0).
[sinu, — cos u cos &, — cos usin a], namely a rotation by about thez This symmetry causes half the terms in the expansioagarvanish.
axis. 18 The use of complex exponentials facilitates the seriesresipas by avoid-

13 The auxiliary anglesn and M are an angle and a side of the spherical  ing the need to employ awkward trigonometric identities. wi write

. i ) . — _1_1, 11 2 1133 11354  _ i

triangle EAN shown in Fig[l. EquationEX7) are the sine rule on angles Vi-z=1-352—- 332 2.4.6% 24687 cee = Zj AT,
andF of triangle AEF, the cosine rule on anglE of triangle AEF, and then the coefficient ofos (21(M + o)) e/ +27 is a? fori = 0and2aja, 4,

the sine rule on angled and E of triangle ANE. forl > 0.
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whereA, B, C, ... are given by The tables give the logarithrtfsof «, 3, andy as a function
of the argument
1 1-1- 3
A=1+ €+---, ecosm
2 logk = log ——
p_l 111, 3 1-e
T2 949 T o 4 6 2- 4 By this choice, the variation dbg 5 andlog v are very close
1135113 to two and four times that of the argument, which simplifies
2.4.6.82.4.6° interpolation into the tabl&:
O 1.1, 1131, 1-1-3-5 1-1 6 We takews/b as the first approximation of, substitute this
T94° T2462° " 246824° into the second term to obtain a second approximation, with
1 1 3 5.7 1-1- 3 which we recalculate the second term and add the third. The
T 246810246 7 convergence of the series is sufficiently fast that, evehef t
1-1-3 o 1.1-3-5 1 1.1-3.5-7 1-1 7 argument isl.1 (which is only possible if the flattening of
D = 2.4.6° 2.4.6.8 2 T 9.4681024° the ellipsoid,1 — b/a, exceedsl%), the approximation never
1-1-3-5.7.9 1-.1-3 needs to be carried further in order to keep the errors in
T 94681012 2.4.6 -, under0.001”. The term involving) does not excee@ 0005”
ote at this value of the argument.

Integrating the equation fats starting aic = 0, we obtain
b 7. ACCURACY OF THE TABLES
s =——[Ac — 2Bcos(2M + o) sino

l—e The values oflog a in the table are given to 8 decimal

— 2C cos(4M + 20)sin 20 places??> An error of half a unit of the last place results in

_ %D cos(6M + 30) sin 30 an error of only0.0005” or 0.008 toise over a distance corre-
sponding tar = 12°4’ or 700000 toise$® Similarly, | retain

- (10) only sufficient digits in the tabulation dbg 5 to ensure that

the error in this term is less thdn0005”; for this purpose, |
use 6 digits at the end of the table and fewer digits for smalle
values of the argument. The third term never excéetls’,
even at the end of the table; therefore | include only 3 decima
terms ofu/, o/, and o if, however, s and o’ have been Places foﬂggw..Thus the errors ai@001” for distances up to
measured and’ is known from the latitude a#, then o 700000 toises; even if the distance is of the order of a quarte

is obtained by solving{10). The latitude & and the az- meridian (i.e.p = 90°), the error s less tham01".
imuth of the geodesic there are found frdrh (8). Equafioh (10)
can be solved either by reverting the series or by successn@e AN EXAMPLE
approximation—the latter way is however the simplest if the
tables | have compiled are used.

| write®®

6. SOLVING THE DISTANCE EQUATION

The series[{10) gives the distanedetweenA and B in

In order to illustrate the use of the tables, | consider the
results from the great survey by von Miifflisg.Relative to

o= %s—l—ﬁcos(QM—i—a) sin o+ cos(4M + 20) sin 20

+ dcos(6M + 30)sin3o + ..., (11)
where 20 |n this paperlog z denotes the common logarithm (base 10) and we use
648000 1 colog x = log(1/z). The tables in the original paper contained a number
. — € of errors of one unit in the last place. These errors do nettife most
- T A part, affect the results obtained from the tables when redrtd0.001".
648 000 2B In addition, there were systematic errors in the tabulatdes oflog 3
8= - equivalent to a relative error of ordet in 8 which result in discrepancies
™ A from 1 to 17 units in the last place on the final page (the 6-iquortion)
648 000 C of the tables. In calculations involving logarithms, a baewa numeral
Y= T A’ indicates that that numeral should be negated, &g.0.02 ~ 2.3 =
648 000 2D (—2) + 0.3. In the original paper, logarithms are written modulo 1@, e.
5 = i log 0.02 = 8.3. The notation {—)” in these calculations indicates that the
T 3A° quantity whose logarithm is being taken is negative.
etc. 21 The columns headed give the first differences of the immediately pre-

ceding columns and aid in interpolating the data. Besseldvioave used
a table of “proportional parts” to compute the interpolatetlies.
22 \Working with 8-figure logarithms provides about 2 bits moregision than
|IEEE single precision floating point numbers.
19 The units fore, a, B, ... are arc seconds. Bessel here adopts a conflict?® The toise was a French unit of length. It can be converted tnsdy
ing notation for the coefficientv which should not be confused with the 1 toise = 864 ligne, 443.296 ligne = 1 m, or 1 toise ~ 1.949 m.
azimuth. 24 F K. F. von Miffling, Astron. Nachi2(27), 33—-38 (1824).
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Seeberg (pointl), the distance and azimuth to Dunkirk (point Adopting this as the first approximation to the valuerpfve

B) are?®
log s = 5.478 303 14,
o =274°21'3.18".

| assume the latitude of the Observatory at Seeberg to be

¢" = 50°56"6.7" and the ellipsoid parameters to be b =
6.513 354 64, log e = 2.905 4355.26
Fromtanu' = v/1 — e2 tan ¢’, we find

log tan ¢’ = 0.090 626 65

log /1 — €2 = 1.998 590 60

logtanu’ = 0.08921725; u' = 50°50"39.057".
Givenu’ andca’, we can computé/, cosm andsinm from
equations[{[7§/
logsinu’ = 1.889543 51
log cosu’ = 1.800 32627
log cos o’ = 2.880037 33
logsina’ = 1.998 746 62(—)

log(cosmsin M) = 1.889 54351
log(cos m cos M) = 2.680 363 60
log sinm = 1.799 072 89(—)
M = 86°27'53.949”; 2M = 172°55"47.9”
log cosm = 1.890 370 63 4M = 345° 51’ 36".

The argument in the tablelsg ((e/v/1 — €2) cosm), is

log = 2.906 845

e
V1—e2
log cosm = 1.890 371

Argument = 2.797 216.

Looking uplog « in the tables, and calculatings /b gives®

logav = 5.313998 92
colog b = 7.486 645 36
log s — 5.478 303 14

log % = 4.27894742; %s = 5°16' 48.481".

25 Seeberg50°56'N 10°44/E; Dunkirk: 51°2/N 2°23'E.,

26 In present-day units, this i ~ 6377 km, flattening f ~ 1/308.6, s ~
586 km. In this example, Bessel uses the toise as the unit of lengttiree
second as the unit of arc.

27 Bessel solves 3 equationid (7) for 2 unknowdsandm. The redundancy
serves as a check for the hand calculation and can also iephevaccu-
racy of the calculation, for example, in the case whenen ~ 1.

28 |t is necessary to use second differences when interpglatithe table for
log a. The argument2.797 216, lies ¢ = 0.7216 of the way between
2.79 and2.80. Bessel's central 2nd-order interpolation formula for et
6 digits oflog o gives401 284 4 q(—1941) + %q(q —1)(1853 — 1004 —
1028) = 399 892. For the other table look-ups, linear interpolation using
first differences suffices.

obtain the second by adding the first term in the sefigs (11),

log 8 = 2.305 94
log cos(2M + o) = 1.999 79(—)
logsino = 2.96391

1.26964(—) = —18.61".

We now update the value of this term with the second approx-

imation ofc = 5°16’48.5" — 18.6” = 5°16’29.9” and so
obtain as the third approximation:

log 3 = 2.305 94
log cos(2M + o) = 1.999 79(—)
logsino = 2.963 48

1.26921(—) = —18.587",

logy = 2.394
log cos(4M + 20) = 1.999
log sin 20 = 1.263

3.656 = +0.005".

Gathering the terms il(11) gives = 5°16'48.481" —
18.587"” + 0.005” = 5°16'29.899” and so, finally, we de-
terminea, u and¢ from equationd(8),

M + o = 91° 44 23.848"
logsin(M + o) = 1.999 799 71
log(— cos(M + o)) = 2.482 349 32
log cos m = 1.890 370 63
log(— sinm) = 1.799 07289

log sinu = 1.890 170 34
log(cosu cosa) = 2.372719 95
log(cos usina) = 1.799 072 89

logcot v = 2.57364706; « = 87°51'15.523"

logcosu = 1.799 377 50
log tanu = 0.090 792 84

colog v/1 —e? = 0.00140940

logtan ¢ = 0.09220224; ¢ = 51°2'12.719".

In this example, | carried out the trigonometric calculatido

8 decimals; however the tables ok «, log 5, andlog~ in
fact allow« and¢ to be determined slightly more accurately
than this. If only standard 7-figure logarithm tables arelava
able, the last digits in the tabulated valuedw@f, log 3, and
log v may be neglected.



9. THE LONGITUDE INTEGRAL From this, we see that neglectipgesults in an error of or-
der ¢® or an error inw of zze®s. This would not be dis-
We turn now to the determination of the longitude differ- cernible even in the calculation of long geodesics to 10-deci

encew by integrating[(), mal places?
Thus, for the present purposes, we may take 0 enabling
=1 —e?cos?udw. us to tabulate the integral in a way that is valid forall

This integral contains two separate constantande, which

cannot be combined. Thus it not possible to construct tables 10. SERIES EXPANSION FOR LONGITUDE
allow a rigorous solution of this problem which are valid for

arbitrarye.?® However, we can achieve our goal by sacrificing  Introducing this approximation, we have
strict rigor and by making an approximation which results in

errors which are inconsequential in our application. w A Smm/
We start by writing /762 c0s2
d’dew—(l—\/l—€2C082u)dw, /
—w— —sinm .
and substitute in the second term \/1 3¢2 + 3e2 cos? msin®(M + o)
- / ~ !
do = oo cosw If we set
cos2 u JTecosm
ecosm
On integrating, we obtain K =
grating Ji-ze’
. , [ 1—+1—e2cos?u . .
w=w — sina’ cosu o do. we can express the integral in the second term as
COS
. do
Let us write .
1= 3e2 /14 k2 sin®(M
1—+v1—e2cos?2u e? ) ) \/ 1€ + k2 sin”(M + o)
5 = —(1+e*pcos” u)(1 + y); . . . _
cosmu 2 Following the same procedure used in expanding the integral
in other words, we set for ds in Sec[®, we introducé defined by*
L 2= VI=Fed ) o YIERT-1 o, 2
Y= P u (1+62pc052 u)? VI4+E?+1 L=
1+ 1e2 cos® u + et cos’ u+ el cos®u + . and separate the integrand into two complex factors,
1+ gpe? cosu + q(q )p e*cos*u
1— 1—3e2)4
+q(qﬁ7%_(§2)pe cos®u+ ... \/( 6)/( 6)0

/ \/1 ¢ exp(2i(M + o)) f/l — € exp(—2i(M + 7)) .

The first three terms in the denominator and in the numerator

are equal, provided that s .
If we expand these in infinite series, the product becdmes

— 3 _ 1
p__17 q__§7

2
which gives 3/1T_ 302
4
1+ 1+ e*cos®u+ et cos*u+ Zebcosbu+ . —|—3(5’(3056(M—|—0)—i—...)da7
y:

1+ ezcos,zu—l- €4COb4u+ eﬁcosﬁu—i—

_ _6 6
_1+192e cos’ U+ ...

/(o/ + 3 cos2(M + o) + 27 cos4(M + o)

30 For a flattening of2- 128 , the error in the longitude difference over a distance
equivalent to a quarter meridian, i.&Q 000 km, is less thar®.000 05”.

31 Bessel gives the relationship betwéérande’ in terms of E/, wherek’ =
tan E/ ande’ = tan? %E’.

32 There are a series of errors in the original paper leading (fi2). Here

29 As a practical matter, it would have been impossible for Besprovide
a complete tabulation of a function of two parameters. Hédcchave tab-
ulated the function for a fixed value @f which would greatly reduced

the utility of hi thod iallv qiven th caistin th we assume that the original EG.112) defirés 3’, /, ..., which makes
€ utility ot his method, especially given the uncertaistin the measure- this equation analogous o {11), and correct the precedingt®ns to be
ments ofe. Instead, Bessel manipulates the expressioniforto move consistent

the dependence on the second parameter into a small terrmthabe
neglected.



where?
1 1.4
of =33/(1—¢)? €.,
3 3.6
1, 141, 14714,
/:l/l_ Z R
7= D3 5537 F 360 56 !
(1.4 1.4.7 1
r_ 13 1_ 2 - 4
v =3V=e) 3-6E 3.6.93°
14710 14
3.6.9-123.6° ]
[1.4.7 1.4-7-10 1
6/:l 1_ /3 /5
sV(L—¢) 1369° ' 369123
1471013 1-4 ;
3.6.9-12-153.6° |
etc.

Integrating fromp = 0 then gives

e?sinm

+ 7' cos(4M + 20) sin 20
+ 6’ cos(6M + 30)sin3o + .. ) (12)

wRw— (o/a—i—ﬁ’ cos(2M + o) sino

11. COMPUTING THE LONGITUDE DIFFERENCE

and evaluatev by means of the tables.

I will continue with the example in Selcl 8 and calculate the
longitude difference between Dunkirk and Seeberg usirgy thi
prescription. Solving the spherical triangle fogives

logsino = 2.963 483 83
log(—sina) = 1.999 695 39(—)
cologcosu’ = 0.199673 73

logsinw = 1.162 852 95(—); = —8°21"57.741".

The argument for the last two columns of the tables is
log((\/;e/\/l — 3e2) cosm), giving
V3e
log cosm = 1.890 371
Argument = 2.734 393.

log = 2.844022

Computing the terms in the seri€s12) gives

log o’ = 1.698 758

log(—sinm) = 1.799 073
e? -
log ————= = 3.811575

1 — 3e?

log o = 4.278 523

1.587929 = +38.719",

an
The first two coefficients of this series are given in the 4th

and 5th columns of the tabsas functions of the argument

logk’ =1lo (7cosm).
g A

The convergence is commensurate with the 3 first columns
of the tables. We calculate using one of the formulas for

spherical triangles (Seld 3), eitfer

sin o sin o’

. —sino sin « sino sinm
sinw = = =
cosu cosu’ cosucosu’’
or®®
a1 /
sin =(u —u
tan fw = 21( ) cot 1(a’ + o)
cos 5 (u' + u)
1 /
coss(u —u
= — 12( )cot%(a’—a).
sin 5 (v’ + u)

V3 =14 fao+ yga? + LaTad +

33 See footnote 18 and sét — x)~ T

14710 4+

34 The value ofg’ in the tables includes the factor @8 000/ necessary to
convert from radians to arc seconds.

35 The first two relations are the sine rule for angVeof triangle ABN of
Fig.[. The last relation is obtained, for example, by stintig for sin o’
from (@).

36 These are Napier’s analogies for angeof triangle ABN.

log 3’ = 1.703
log(— sinm) = 1.799
e? -
log ——— — 3812
/1 —3e?
log(cos(2M + o) sino) = 2.963(—)

2.277(—) = —0.019".

The sum of both terms i$38.700”, and adding this ta, we
find the longitude difference,

= —8°21"19.041".

12. CONCLUSION

This illustration of the use of these tables shows that the
accuracy of the calculation is limited not by the neglect of
terms of high order in the eccentricity, but by the number of
decimal places included. The steps in the calculation are, f
the most part, the same as for a spherical earth; in order to
account for the earth’s ellipticity one needs, in additionly
to solve equatior(11) and to evaluate the sefiek (12). Since
this approach is sufficiently convenient even for routine,us
it is unnecessary to use an approximate method which is valid
only for small distances.

(The tables are shown on the following pages.)



TaBLES for computing geodesics 1.

Arg log o —-A log 3 A logy A loga’ —A log 5’ A
4.4 5.314 42513 1 3.5124 2000 1.698970 0 3.035 200
4.5 5.314 42512 0 3.7124 2000 1.698970 0 3.235 200
4.6 5.314 42512 1 3.9124 2000 1.698970 0 3.435 200
4.7 5.314 42511 2 2.1124 2000 1.698970 0 3.635 200
4.8 5.314 425 09 3 2.3124 2000 1.698970 0 3.835 200
4.9 5.314 425 06 4 2.5124 2000 1.698970 0 2.035 200
3.0 5.314 425 02 6 2.7124 2000 1.698970 0 2.235 200
3.1 5.31442496 10 2.9124 2000 1.698970 0 2.435 200
3.2 5.31442486 16 1.1124 2000 1.698970 0 2.635 200
3.3 5.31442470 25 1.3124 2000 1.698970 0 2.835 200
3.4 5.31442445 40 1.5124 2000 1.698 970 1 1.035 200
3.50 5.314 424 05 5 1.7124 200 1.698969 0 1.235 20
3.51 5.314 424 00 6 1.7324 200 1.698969 0 1.255 20
3.52 5.314 42394 5 1.7524 200 1.698969 0 1.275 20
3.53 5.314 423 89 6 1.7724 200 1.698969 0 1.295 20
3.54 5.314 423 83 6 1.7924 200 1.698969 0 1.315 20
3.55 5.314 423 77 7 1.8124 200 1.698969 0 1.335 20
3.56 5.314 42370 7 1.8324 200 1.698969 0 1.355 20
3.57 5.314 423 63 7 1.8524 200 1.698969 0 1.375 20
3.58 5.314 423 56 7 1.8724 200 1.698969 0 1.395 20
3.59 5.314 423 49 8 1.8924 200 1.698969 0 1.415 20
3.60 5.314 423 41 8 1.9124 200 1.698969 0 1.435 20
3.61 5.314 423 33 8 1.9324 200 1.698969 0 1.455 20
3.62 5.314 423 25 9 1.9524 200 1.698969 0 1.475 20
3.63 5.31442316 10 1.9724 200 1.698969 0 1.495 20
3.64 5.314 423 06 9 1.9924 200 1.698969 0 1.515 20
3.65 5.31442297 11 0.0124 200 1.698 969 1 1.535 20
3.66 5.31442286 10 0.0324 200 1.698968 0 1.555 20
3.67 5.31442276 11 0.0524 200 1.698968 0 1.575 20
3.68 5.31442265 12 0.0724 200 1.698968 0 1.595 20
3.69 5.31442253 12 0.0924 200 1.698968 0 1.615 20
3.70 5.31442241 13 0.1124 200 1.698968 0 1.635 20
3.71 5.31442228 14 0.1324 200 1.698968 0 1.655 20
3.72 5.31442214 14 0.1524 200 1.698968 0 1.675 20
3.73 5.31442200 15 0.1724 200 1.698968 0 1.695 20
3.74 5.31442185 15 0.1924 200 1.698968 0 1.715 20
3.75 5.31442170 16 0.2124 200 1.698968 0 1.735 20
3.76 5.31442154 17 0.2324 200 1.698 968 1 1.755 20
3.77 5.31442137 18 0.2524 200 1.698967 0 1.775 20
3.78 5.31442119 18 0.2724 200 1.698967 0 1.795 20
3.79 5.31442101 20 0.2924 200 1.698967 0 1.815 20
3.80 5.31442081 20 0.3124 200 1.698967 0 1.835 20
3.81 5.31442061 22 0.3324 200 1.698967 0 1.855 20
3.82 5.31442039 22 0.3524 200 1.698967 0 1.875 20
3.83 5.31442017 23 0.3724 200 1.698967 0 1.895 20
3.84 5.31441994 25 0.3924 200 1.698967 1 1.915 20
3.85 5.31441969 25 0.4124 200 1.698966 0 1.935 20
3.86 5.31441944 27 0.4324 200 1.698966 0 1.955 20
3.87 5.31441917 28 0.4524 200 1.698966 0 1.975 20
3.88 5.31441889 30 0.4724 200 1.698966 0 1.995 20
3.89 5.31441859 31 0.4924 200 1.698966 1 0.015 20
3.90 5.314 418 28 0.5124 1.698 965 0.035




TABLES for computing geodesics 2.

Arg log o —-A log 3 A logy A loga’ —A logs’ A
3.90 5.314 418 28 32 0.51235 2000 1.698965 0 0.035 20
3.91 5.314 41796 34 0.53235 2000 1.698965 0 0.055 20
3.92 5.314 41762 35 0.55235 2000 1.698965 0 0.075 20
3.93 5.314 41727 37 0.57235 2000 1.698965 0 0.095 20
3.94 5.314 416 90 39 0.59235 2000 1.698965 1 0.115 20
3.95 5.314416 51 41 0.61235 2000 1.698964 0 0.135 20
3.96 5.314 416 10 42 0.63235 2000 1.698964 0 0.155 20
3.97 5.314 415 68 45 0.65235 2000 1.698 964 1 0.175 20
3.98 5.314 41523 47 0.67235 1999 1.698963 0 0.195 20
3.99 5.314 41476 48 0.69234 2000 1.698963 0 0.215 20
2.00 5.314 414 28 52 0.71234 2000 1.698 963 1 0.235 20
2.01 5.314 41376 53 0.73234 2000 1.698962 0 0.255 20
2.02 5.314 41323 56 0.75234 2000 1.698962 0 0.275 20
2.03 5.314 41267 59 0.77234 2000 1.698962 1 0.295 20
2.04 5.314 41208 61 0.79234 2000 1.698961 0 0.315 20
2.05 5.314 41147 65 0.81234 2000 1.698 961 1 0.335 20
2.06 5.314 410 82 67 0.83234 2000 1.698960 0 0.355 20
2.07 5.31441015 71 0.85234 1999 1.698960 0 0.375 20
2.08 5.314 409 44 74 0.87233 2000 1.698960 1 0.395 20
2.09 5.314 408 70 77 0.89233 2000 1.698959 0 0.415 20
2.10 5.314 40793 81 0.91233 2000 1.698 959 1 0.435 20
2.11 5.314 407 12 85 0.93233 2000 1.698 958 1 0.455 20
2.12 5.314 406 27 89 0.95233 2000 1.698957 0 0475 20
2.13 5.314 405 38 93 097233 1999 1.698957 1 0.495 20
2.14 5.314 404 45 98 0.99232 2000 1.698956 0 0.515 20
2.15 5.31440347 102 1.01232 2000 1.698 956 1 0.535 20
2.16 5.31440245 107 1.03232 2000 1.698 955 1 0.555 20
2.17 5.31440138 112 1.05232 2000 1.698 954 1 0.575 20
2.18 5.31440026 117 1.07232 1999 1.698953 0 0.595 20
2.19 5.31439909 123 1.09231 2000 1.698953 1 0.615 20
2.20 5.31439786 128 1.11231 2000 1.698 952 1 0.635 20
2.21 5.31439658 135 1.13231 2000 1.698 951 1 0.655 20
2.22 5.31439523 141 1.15231 1999 1.698 950 1 0.675 20
2.23 5.31439382 147 1.17230 2000 1.698949 1 0.695 20
2.24 5.31439235 155 1.19230 2000 1.698948 1 0.715 20
2.25 5.31439080 162 1.21230 1999 4.207 40 1.698 947 1 0.735 20
2.26 5.31438918 169 1.23229 2000 4.247 40 1.698 946 1 0.755 20
2.27 5.31438749 177 1.25229 2000 4287 40 1.698945 1 0.775 20
2.28 5.31438572 186 1.27229 1999 4.327 40 1.698944 2 0.795 20
2.29 5.31438386 195 1.29228 2000 4.367 40 1.698942 1 0.815 20
2.30 5.31438191 203 1.31228 1999 4.407 40 1.698 941 1 0.835 20
2.31 5.31437988 213 1.33227 2000 4.447 40 1.698940 2 0.855 20
2.32 531437775 224 1.35227 2000 4.487 40 1.698938 1 0.875 20
2.33 5.31437551 234 1.37227 1999 4527 40 1.698937 2 0.895 20
2.34 5.31437317 244 1.39226 2000 4567 40 1.698935 1 0.915 20
2.35 5.31437073 257 1.41226 1999 4.607 40 1.698934 2 0935 20
2.36 5.31436816 268 1.43225 2000 4.647 40 1.698932 2 0.955 20
2.37 5.31436548 281 1.45225 1999 4.687 40 1.698930 2 0.975 20
2.38 5.31436267 295 1.47224 1999 4727 40 1.698928 2 0.995 20
2.39 5.31435972 308 1.49223 2000 4767 40 1.698926 2 1.015 20
2.40 5.314 356 64 1.51223 4.807 1.698 924 1.035




TABLES for computing geodesics 3.

Arg log o —A log 3 A logy A loga’ —A logs’ A
2.40 5.314 356 64 323 1.51223 1999 4.807 40 1.698 924 2 1.035 20
2.41 5.314 35341 338 1.53222 1999 4.847 40 1.698 922 2 1.055 20
2.42 5.314 350 03 353 1.55221 2000 4.887 40 1.698 920 2 1.075 20
2.43 5.314 346 50 371 1.57221 1999 4927 40 1.698 918 3 1.095 20
2.44 5.314 34279 388 1.59220 1999 4967 40 1.698 915 2 1.115 20
2.45 5.314 33891 406 1.61219 1999 3.007 40 1.698 913 3 1.135 20
2.46 5.314 334 85 425 1.63218 2000 3.047 40 1.698 910 3 1.155 20
2.47 5.314 330 60 446 1.65218 1999 3.087 40 1.698 907 3 1.175 20
2.48 5.314 326 14 466 1.67217 1999 3.127 40 1.698 904 3 1.195 20
2.49 5.314 321 48 489 1.69216 1999 3.167 40 1.698 901 3 1.215 20
2.50 5.314 316 59 511 1.71215 1999 3.207 40 1.698 898 4 1.235 20
2.51 5.314 31148 535 1.73214 1999 3.247 40 1.698 894 3 1.255 20
2.52 5.314 306 13 561 1.75213 1999 3.287 40 1.698 891 4 1.275 20
2.53 5.314 300 52 587 1.77212 1998 3.327 40 1.698 887 4 1.295 20
2.54 5.314 294 65 615 1.79210 1999 3.367 40 1.698 883 4 1.315 20
2.55 5.314 288 50 644 1.81209 1999 3.407 40 1.698 879 4 1.335 20
2.56 5.314 282 06 674 1.83208 1999 3.447 40 1.698 875 5 1.355 20
2.57 5.314 275 32 705 1.85207 1998 3.487 40 1.698 870 5 1.375 20
2.58 5.314 268 27 739 1.87205 1999 3.527 40 1.698 865 4 1.395 20
2.59 5.314 260 88 774 1.89204 1998 3.567 40 1.698 861 6 1.415 20
2.60 5.314 25314 810 1.91202 1998 3.607 39 1.698 855 5 1.435 20
2.61 5.314 24504 848 1.93200 1999 3.646 40 1.698 850 6 1.455 20
2.62 5.314 236 56 889 1.95199 1998 3.686 40 1.698 844 6 1.475 20
2.63 5.314 22767 930 1.97197 1998 3.726 40 1.698 838 6 1.495 20
2.64 5.314 218 37 973 1.99195 1998 3.766 40 1.698 832 6 1.515 20
2.65 5.31420864 1020 2.01193 1998 3.806 40 1.698 826 7 1.535 20
2.66 5.31419844 1068 2.03191 1998 3.846 40 1.698 819 7 1.555 20
2.67 5.31418776 1118 2.05189 1998 3.886 40 1.698 812 8 1.575 20
2.68 5.314176 58 1170 2.07187 1997 3.926 40 1.698 804 7 1.595 20
2.69 5.314164 88 1226 2.09184 1998 3.966 40 1.698 797 9 1.615 20
2.70 5.31415262 1283 2.11182 1997 2.006 40 1.698 788 8 1.635 19
2.71 5.31413979 1344 213179 1998 2.046 40 1.698 780 9 1.654 20
2.72 5.31412635 1406 215177 1997 2.086 40 1.698 771 9 1.674 20
2.73 5.31411229 1473 217174 1997 2.126 40 1.698762 10 1.694 20
2.74 5.31409756 1543 219171 1997 2.166 40 1.698752 11 1.714 20
2.75 5.31408213 1615 2.21168 1997 2.206 40 1.698741 10 1.734 20
2.76 5.31406598 1690 2.23165 1996 2.246 40 1.698731 12 1.754 20
2.77 5.31404908 1771 2.25161 1997 2.286 40 1.698719 11 1.774 20
2.78 5.31403137 1853 2.27158 1996 2.326 40 1.698708 13 1.794 20
2.79 5.31401284 1941 2.29154 1996 2.366 39 1.698695 13 1.814 20
2.800 5.31399343 1004 2.31150 998 2.405 20 1.698 682 6 1.834 10
2.805 5.31398339 1028 2.32148 998 2.425 20 1.698 676 7 1.844 10
2.810 5.31397311 1051 2.331 46 998 2.445 20 1.698 669 7 1.854 10
2.815 5.31396260 1076 2.34144 998 2.465 20 1.698 662 7 1.864 10
2.820 5.31395184 1101 2.35142 998 2.485 20 1.698 655 8 1.874 10
2.825 5.31394083 1127 2.361 40 997 2.505 20 1.698 647 7 1.884 10
2.830 5.31392956 1152 2.37137 998 2.525 20 1.698 640 8 1.894 10
2.835 5.31391804 1180 2.381 35 998 2.545 20 1.698 632 8 1.904 10
2.840 5.31390624 1207 2.391 33 997 2.565 20 1.698 624 8 1.914 10
2.845 5.31389417 1234 2.401 30 998 2.585 20 1.698 616 8 1.924 10
2.850 5.313 88183 2.41128 2.605 1.698 608 1.934
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TABLES for computing geodesics 4.

Arg log o —A log 3 A logy A loga’ —A logs’ A
2.850 5.31388183 1264 2.411279 9974 2.605 20 1.698 608 8 1.934 10
2.855 5.31386919 1293 2.421253 9974 2.625 20 1.698 600 9 1.944 10
2.860 5.31385626 1323 2.431227 9974 2.645 20 1.698 591 9 1.954 10
2.865 5.31384303 1353 2.441201 9973 2.665 20 1.698 582 9 1.964 10
2.870 5.31382950 1385 2.451174 9972 2.685 20 1.698 573 9 1974 10
2.875 5.31381565 1417 2.461146 9972 2.705 20 1.698564 10 1.984 10
2.880 5.31380148 1450 2471118 9971 2.725 20 1.698 554 9 1.994 10
2.885 5.31378698 1484 2.481089 9970 2.745 20 1.698545 10 2.004 10
2.890 5.31377214 1518 2.491059 9970 2.765 20 1.698535 10 2.014 9
2.895 5.31375696 1553 2.501029 9969 2.785 19 1.698525 11 2.023 10
2.900 5.31374143 1590 2.510998 9968 2.804 20 1.698514 10 2.033 10
2.905 5.31372553 1626 2.520966 9968 2.824 20 1.698504 11 2.043 10
2.910 5.31370927 1664 2.530934 9966 2.844 20 1.698493 11 2.053 10
2.915 5.31369263 1702 2.540900 9966 2.864 20 1.698482 11 2.063 10
2.920 5.31367561 1742 2.550866 9965 2.884 20 1.698471 12 2.073 10
2.925 5.31365819 1783 2.560831 9965 2.904 20 1.698459 12 2.083 10
2.930 5.31364036 1824 2.570796 9963 2.924 20 1.698447 12 2.093 10
2.935 5.31362212 1866 2.580759 9963 2.944 20 1.698435 12 2.103 10
2.940 5.31360346 1909 2.590722 9962 2.964 20 1.698423 13 2.113 10
2.945 5.31358437 1953 2.600684 9961 2.984 20 1.698410 13 2.123 10
2.950 5.31356484 1999 2.610645 9960 1.004 20 1.698397 13 2.133 10
2.955 5.31354485 2045 2.620605 9959 1.024 20 1.698384 14 2.143 10
2.960 5.31352440 2093 2.630564 9958 1.044 20 1.698370 14 2.153 10
2.965 5.31350347 2141 2.640522 9957 1.064 19 1.698356 14 2.163 10
2.970 5.31348206 2191 2.650479 9956 1.083 20 1.698342 15 2.173 10
2.975 5.31346015 2241 2.660435 9956 1.103 20 1.698327 15 2.183 10
2.980 5.31343774 2293 2.670391 9954 1.123 20 1.698312 15 2.193 10
2.985 5.31341481 2347 2.680345 9953 1.143 20 1.698297 16 2.203 9
2.990 5.31339134 2400 2.690298 9952 1.163 20 1.698281 15 2.212 10
2.995 5.31336734 2457 2.700250 9951 1.183 20 1.698266 17 2.222 10
1.000 5.31334277 2513 2.710201 9950 1.203 20 1.698249 17 2.232 10
1.005 5.31331764 2571 2.720151 9948 1.223 20 1.698232 17 2.242 10
1.010 5.31329193 2631 2.730099 9948 1.243 20 1.698215 17 2.252 10
1.015 5.31326562 2691 2.740047 9946 1.263 19 1.698198 18 2.262 10
1.020 5.31323871 2754 2.749993 9945 1.282 20 1.698180 18 2.272 10
1.025 5.31321117 2818 2.759938 9943 1.302 20 1.698162 19 2.282 10
1.030 5.31318299 2883 2.769881 9943 1.322 20 1.698143 19 2.292 10
1.035 5.31315416 2949 2.779824 9941 1.342 20 1.698124 20 2.302 10
1.040 5.31312467 3018 2.789765 9939 1.362 20 1.698104 20 2.312 10
1.045 5.31309449 3087 2.799704 9939 1.382 20 1.698084 20 2.322 10
1.050 5.31306362 3159 2.809643 9936 1.402 20 1.698064 21 2.332 10
1.055 5.31303203 3232 2.819579 9936 1.422 20 1.698043 22 2.342 9
1.060 5.31299971 3306 2.829515 9934 1.442 19 1.698021 22 2.351 10
1.065 5.312966 65 3383 2.839449 9932 1.461 20 1.697999 22 2.361 10
1.070 5.31293282 3460 2.849381 9931 1.481 20 1.697977 23 2371 10
1.075 5.31289822 3541 2.859312 9929 1.501 20 1.697954 24 2.381 10
1.080 5.31286281 3623 2.869241 9928 1.521 20 1.697930 24 2.391 10
1.085 5.31282658 3706 2.879169 9926 1.541 20 1.697906 25 2.401 10
1.090 5.31278952 3791 2.889095 9924 1.561 20 1.697881 25 2411 10
1.095 5.31275161 3879 2.899019 9922 1.581 19 1.697856 26 2421 10
1.100 5.31271282 2.908 941 1.600 1.697 830 2.431
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