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ABSTRACT

The Gauss-Kriiger projection appears to have two
different forms. One is a set of equations capable of
micrometre accuracy anywhere within 30° of a central
meridian of longitude. The other is equations limited to
millimetre accuracy within 3°- 6° of a central meridian.
These latter equations are complicated but are in wide use
in the geospatial community. The former equations are
relatively simple (although they do contain hyperbolic
functions) and are easily adapted to computers. But they
are not in wide use. This paper will give some insight
into both forms of the Gauss-Kriiger projection.

INTRODUCTION

The Gauss-Kriiger projection is a conformal mapping of a
reference ellipsoid of the earth onto a plane where the
equator and central meridian remain as straight lines and
the scale along the central meridian is constant; all other
meridians and parallels being complex curves (Figure 5).

The Gauss-Kriiger is one of a family of transverse
Mercator projections of which the spherical form was
originally developed by Johann Heinrich Lambert (1728-
1777). This projection is also called the Gauss-Lambert
projection acknowledging the contribution of Carl
Friedrich Gauss (1777-1855) to the development of the
transverse Mercator projection. Snyder (1993) and Lee
(1976) have excellent summaries of the history of
development which we paraphrase below.

Gauss (c.1822) developed the ellipsoidal transverse
Mercator as one example of his investigations in
conformal transformations using complex algebra and
used it for the survey of Hannover in the same decade.
This projection had constant scale along the central
meridian and was known as the Gauss conformal or
Gauss' Hannover projection. Also (c. 1843) Gauss
developed a 'double projection' consisting of a conformal
mapping of the ellipsoid onto the sphere followed by a
mapping from the sphere to the plane using the spherical
transverse Mercator formula. This projection was
adapted by Oskar Schreiber and used for the Prussian
Land Survey of 1876-1923. Itis also called the Gauss-
Schreiber projection and scale along the central meridian
is not constant. Gauss left few details of his original
developments and Schreiber (1866, 1897) published an
analysis of Gauss' methods, and Louis Kriiger (1912) re-
evaluated both Gauss' and Schreiber's work, hence the
name Gauss-Kriiger as a synonym for the transverse
Mercator projection.

The aim of this paper is to give a detailed derivation of a
set of equations that we call the Gauss-Kriiger projection.
These equations give micrometre accuracy anywhere
within 30° of a central meridian; and at their heart are
two important series linking conformal latitude ¢ and

rectifying latitude 4. We provide a development of

these series noting our extensive use of the computer
algebra systems MAPLE and Maxima in showing these
series to high orders of n; unlike Kriiger who only had
patience. And without these computer tools it would be
impossible to realize the potential of his series.

Kriiger gave another set of equations that we would
recognise as Thomas's or Redfearn's equations (Thomas
1952, Redfearn 1948). These other equations — also
known as the Gauss-Kriiger projection — are in wide use
in the geospatial community; but they are complicated,
and only accurate within a narrow band (3°- 6°) about a
central meridian. We outline the development of these
equations but do not give them explicitly, as we do not
wish to promote their use. We also show that the use of
these equations can lead to large errors in some
circumstances.

This paper supports the work of Engsager & Poder
(2007) who also use Kriiger's series in their elegant
algorithms for a highly accurate transverse Mercator
projection but provide no derivation of the formulae.
Also, one of the authors (Karney 2010) has a detailed
analysis of the accuracy of our Gauss-Kriiger projection
equations and this paper may be regarded as background
reading.

The preliminary sections set out below contain
information that can be found in many geodesy and map
projection texts and could probably be omitted but they
are included here for completeness. As is the extensive
Appendix that may be useful to the student following the
development with pencil and paper at hand.

SOME PRELIMINARIES

The Gauss-Kriiger projection is a mapping of a reference
ellipsoid of the earth onto a plane and some definition of
the ellipsoid and various associated constants are useful.
We then give a limited introduction to differential
geometry including definitions and formulae for the
Gaussian fundamental quantities e, fand g, the
differential distance ds and scale factors m, h and k.

Next, we define and give equations for the isometric
latitude ¥ , meridian distance M, quadrant length O, the



rectifying radius A and the rectifying latitude g . This
then provides the basic 'tools' to derive the conformal
latitude ¢" and show how the two important series

linking ¢ and g are obtained.

The ellipsoid

In geodesy, the ellipsoid is a surface of revolution created
by rotating an ellipse (whose semi-axes lengths are a and
b and a > b) about its minor axis. The ellipsoid is the
mathematical surface that idealizes the irregular shape of
the earth and it has the following geometrical constants:
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From equation (7) an absolutely convergent series for &’
is
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since O<n<]l.

The ellipsoid radii of curvature p (meridian plane) and
v (prime vertical plane) at a point whose latitude is ¢
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where the latitude functions V and W are defined as

W?=1-¢*sin®p, V2=1+e7cos’p  (13)
Some differential geometry: the differential rectangle and
Gaussian fundamental quantities ¢, f, g; E,F,G and E,
F, G
Curvilinear coordinates ¢ (latitude), 4 (longitude) are

used to define the location of points on the ellipsoid (the
datum surface) and these points can also have x,y,z
Cartesian coordinates where the positive z-axis is the
rotational axis of the ellipsoid passing through the north
pole, the x-y plane is the equatorial plane and the x-z
plane is the Greenwich meridian plane. The positive x-
axis passes through the intersection of the Greenwich
meridian and equator and the positive y-axis is advanced
90° eastwards along the equator.

The curvilinear and Cartesian coordinates are related by

x=x(¢,A)=vcospcos A
y=y(@,4)=vcosgsin A (14)
z=z(4.A)=v(1-¢€")sing

The differential arc-length ds of a curve on the ellipsoid
is given by

(ds) = (dx)" +(dy)" +(dz)’ (15)
And the total differentials are
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Substituting equations (16) into (15) gathering terms and
simplifying gives

(ds)’ =e(dp)’ +2f dpd A+ g(dA)’ 17)

where the coefficients e, fand g are known as the
Gaussian fundamental quantities and are given by
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Figure 1. The differential rectangle

In Figure 1 the parametric curves ¢ and A pass through
P and the curves ¢+d¢ and A+dA pass through Q, and
the length of the curve PQ =ds. The differential

rectangle formed by the curves may be regarded as a
plane figure whose opposite sides are parallel straight
lines enclosing a differentially small area da.

The differential distances along the parametric curves are

ds, =led¢p = pdg¢

(20)
ds, =g dA=vcospd A

and the angle @ between the parametric curves can be
found from

cosw=—— 2n

Thus, if the parametric curves on the surface intersect at
right angles (i.e., they form an orthogonal system of

curves) then w= %75 and cos w=0, and so from
equation (21) f =0. Conversely, if f =0 the

parametric curves form an orthogonal system.

Suppose there is another surface (projection surface) with
®, A curvilinear coordinates and X,Y,Z Cartesian

coordinates related by
X=X (®,A), Y=Y(D,A), Z=Z(D,A) (22)

Then, using equations (15) and (16) replacing x,y,z with
XY, Zand ¢,4 with &, A we have the differential

distance dS on this surface defined by

(dS)’ = E(d®)’ +2F dddA+G(dA)"  (23)

with the Gaussian fundamental quantities
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Alternatively, the X,Y,Z Cartesian coordinates (projection
surface) can be expressed as functions of the ¢, 4

F= (24)

curvilinear coordinates (datum surface) as

X=X (pA), Y=Y(0,4), Z=Z(p,A) (25)
and

(dS)’ = E(d@)’ +2F dgpdA+G(dA)’  (26)

axY (arY (azY
E=|— | +|— | +|—
90) \9g) T\ 99
XX VY dzoz

3¢ 01 3¢ 04 09 oA

(ax)z (ayjz (azjz
G=|—| +|— | +| =—
oA oA oA

Scale factors m, h and k

where

27

The scale factor m is defined as the ratio of differential
distances dS (projection surface) and ds (datum surface)
and is usually given as a squared value
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scale factor m is the same in every direction and such
projections are known as conformal. For the ellipsoid
(datum surface) where the parametric curves ¢, 4 are an

orthogonal system and f =0, this scale condition for
conformal projection of the ellipsoid is often expressed as

h=k and F=F =0 (29)

h is the scale factor along the meridian and £ is the scale
factor along the parallel of latitude. Using equations (28)
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Isometric latitude y

h

According to the SOED (1993) isometric means: “of
equal measure or dimension” and we may think of
isometric parameters y (isometric latitude) and

w= A- A, (longitude difference) in the following way.
Imagine you are standing on the earth at the equator and
you measure a metre north and a metre east; both of these
equal lengths would represent almost equal angular
changes in latitude d¢ and longitude dA. Now imagine
you are close to the north pole; a metre in the north
direction will represent (almost) the same angular change
d¢ as it did at the equator. But a metre in the east
direction would represent a much greater change in
longitude, i.e., equal north and east linear measures near
the pole do not correspond to equal angular measures.



What is required is isometric latitude ¥, a variable

angular measure along a meridian that is defined by
considering the differential rectangle of Figure 1 and
equations (17) and (19) giving

ds’ = (Ve dg) + ({5 dA)
=p*(dg)’ +v* cos’ g(dA)’

e s (249 Ly
=0’ cos ¢{[vcos¢} +(dA) }
= v’ cos’ p{(dy ) +(d )’} 31)

where isometric latitude ¥ is defined by the relationship

S (32)
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Integrating this gives (Deakin & Hunter 2010b)

y= ln{tan(%ﬂ+%¢)(ﬂ}z } (33)

1+ £sing

Note that if the reference surface for the earth is a sphere
of radius R; then p=v =R, £€=0 and the isometric

latitude is
y=Intan(17+19) (34)

Meridian distance W

Meridian distance M is defined as the arc of the meridian
from the equator to the point of latitude ¢

=g 1)

0 0

dg= j—d¢ (35)

This is an elliptic integral that cannot be expressed in
terms of elementary functions; instead, the integrand is
expanded by use of the binomial series then the integral is
evaluated by term-by-term integration. The usual form of
the series formula for M is a function of ¢ and powers of

£%; but the German geodesist F.R. Helmert (1880) gave a
formula for meridian distance as a function of latitude ¢

and powers of the ellipsoid constant n that required fewer
terms for the same accuracy than meridian distance

formula involving powers of &£*. Using Helmert's
method of development (Deakin & Hunter 2010a) a
formula for M can be written as
by@—b, sin2¢+b, sin 4¢
—b, sin 6¢ + b, sin 8¢ (36)
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where the coefficients {b,} have the following form
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Noting that

1+n 1+n
then multiplying the coefficients b, b,, b,, ... in
equation (36) by (1-n?)" gives
c,® +c,sin2¢+c,sin4¢
a +c, sin 6@ + ¢, sin 8¢
1+n +c,,sin10¢ +c,, sin12¢
+c,, sinldg+c,;sin16¢9+---

(37

where the coefficients {c,} are to order n* as follows
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[This is Kriiger's equation for X shown in §5, p.12,
extended to order n®]

Quadrant length Q

The quadrant length of the ellipsoid Q is the length of the
meridian arc from the equator to the pole and is obtained

from equation (37) by setting ¢ =17, and noting that

sin 2¢, sin4¢, sin 6¢, ... all equal zero, giving

arx
Q = m CO (39)

[This is Kriiger's equation for 9t shown in §5, p.12.]
Rectifying radius A
Dividing the quadrant length Q by 17 gives the

rectifying radius A, which is the radius of a circle having
the same circumference as the meridian ellipse and A to

order n® is
1 1 1 25
A=2 {1+—n2+—n4+—n°+ n8+--~} (40)
1+n 4 64 256 16384

Rectifying latitude y

The rectifying latitude g is defined in the following way
(Adams 1921):

“If a sphere is determined such that the length of a
great circle upon it is equal in length to a meridian
upon the earth, we may calculate the latitudes upon
this sphere such that the arcs of the meridian upon it
are equal to the corresponding arcs of the meridian
upon the earth.”

If x4 denotes this latitude on the sphere of radius R then

meridian distance M is given by

M =Ru (41)

and since 4 =47 when M =Q then R=A and the
rectifying latitude u is defined as

u==r (42)

An expression for # as a function of ¢ and powers of n
is obtained by dividing equation (40) into equation (37)
giving to order n*
H=¢+d,sin2¢+d, sin4¢+d, sin 6¢
+d,sin8p+--- (43)

where the coefficients {d,} are

d2=——n+2n3—
2 16
15 15
16 32 (44)
35 ,
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[This is Kriiger's equation (6), §5, p. 12.]

An expression for ¢ as a function of ¢ and powers of n
is obtained by reversion of a series using Lagrange's
theorem (see Appendix) and to order n*

¢o=u+D,sin2u+D,sin4u+D,sin6u
+Dgsin8u +--- (45)

where the coefficients {D, } are

327
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[This is Kriiger's equation (7), §5, p. 13.]
Conformal latitude ¢’

Suppose we have a sphere of radius a with curvilinear
coordinates ¢’, 4" (meridians and parallels) and X,Y,Z

Cartesian coordinates related by
X =X (¢, A)=acos¢’ cos A’
Y =Y (¢, A)=acos¢’sin A’ 7
Z=Z(¢,A)=asing’

Substituting equations (47) into equations (24), replacing
®,A with ¢’, 1" gives the Gaussian Fundamental

Quantities for the sphere as

E=d>, F=0, G=dcos’¢ (48)



The conformal projection of the ellipsoid (datum surface)
onto the sphere (projection surface) is obtained by
enforcing the condition 4 = k ; and with equations (19),
(30) and (48), replacing ®, A with ¢’, A" where

appropriate, we have,
ad¢’
pdp

This differential equation can be simplified by enforcing

the condition that the scale factor along the equator be
unity, so that

acos¢’ dA’
vcos@PdA

(49)

acosg, dA
v, cos @y dA

=1

=0 then cos¢y, =cosg =1, v, =a
and dA=dA . Substituting this result into equation (49)
gives

and since @, = ¢,

d¢’ __pd¢
cos¢’  vcosg

(50)

Integrating both sides gives

Intan(i7+1¢) zln{tatn(§7r+%¢)(ﬂJZ }(51)
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The conformal longitude A’ is obtained from the
differential relationship d A =d A" which is a
consequence of the scale factor along the equator being
unity, and longitude on the ellipsoid is identical to
longitude on the conformal sphere, which makes

A=1 (52)

Series involving conformal latitude and rectifying latitude

Two series that are crucial to the Gauss-Kriiger projection
will be developed in this section; they are (i) a series for
conformal latitude ¢” as a function of the rectifying

latitude g , and (ii) a series for 4 as a function of ¢ .
The method of development is not the same as employed
by Kriiger, but does give some insight into the power and
use of Taylor's theorem (see Appendix). Also, we should
remember that Kriiger had only pencil, paper and
perseverance whilst we have the power of computer
algebra systems.

A series for conformal latitude ¢ as a function of
latitude ¢ may be developed using a method given by
Yang et al. (2000).

The right-hand-side of equation (51) is the isometric
latitude ¥ and we write

exp(y)=tan(i7z+1¢") (53)
where exp(y)=e¢” is the exponential function.

Solving equation (53) gives the conformal latitude

¢ =2tan"' (exp(¥))-17 (54)

Let F(¢,€)=tan™ (exp(y)) so that equation (54)

becomes
¢':2F(¢,£)—%7r (55)

and

Now since the eccentricity € satisfies 0<e <1, F (¢,£)

may be expanded into a power series of £ about £=0
using Taylor's theorem [see Appendix, equation (139)]
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F(p.€)=F(p.€)

£=0

All odd-order partial derivatives evaluated at £ =0 are
zero and the even-order partial derivatives evaluated at
=0 are

- -
2 r(oe)| = -Lin2g
L £=0 2
N | 5 5
F(g.€)| = —=sin2¢+=sindg
£=0 2 4
6 . —Es n2¢+§s1n4¢
I _ 4 2
JFW 9 =1 3
de=0 —=25in6
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o 1967 in2¢+ 879sin4¢
9 (¢ 5) =
02 le=0 13283 in 69 + 1237 sin 8¢

[We note that the last of these derivatives is incorrectly
shown in Yang et al. (2000, p. 80).]

Substituting these partial derivatives with
F(¢,¢),_, =47+%¢ into equation (56), and re-

arranging them into equation (55) gives



48 80 11520
13 4 461
—

— - £ —-. |sin 6¢
480 13440

+(ig4 +lg"’ + 697 g +---Jsin4¢
i
d

£ +---jsin8¢
+e- (57)

[Note that equation (57) is incorrectly shown in Yang et
al. (2000, eqn (3.5.8), p. 80) due to the error noted
previously.]

Extending the process outlined above to higher even-
powers of & and higher even-multiples of ¢ ; and then

using the series (10) to replace £,&,¢°%,...
of n gives a series for conformal latitude ¢" as a function

with powers

of latitude ¢ to order n* as

¢ =p+g,sin2¢+g,sindp+ g, sin 6@
+g,Sin8P+-- (58)

where the coefficients {g,} are

gz——2n+znz+£n3 8—2n4
3 3 45
g4=§n2—En%—l3 4
3 15 9 (59)
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[This is Kriiger's equation (8), §5, p. 14.]

A series for conformal latitude ¢” as a function of
rectifying latitude 4 can be obtained by using a method

set out in Kriiger (1912, p.14) that involves Taylor's
theorem (see Appendix); where

(20-2p)"

sin2¢ =sin2u+(2¢—2u)cos 24— sin2u

20-24)’
—( ¢ 3'/1) cos2u+

4
20-2
(20-24) sin24+---

41
Replacing 2¢ and 2u with 4¢ and 4u; 6¢ and 64 ;
etc.; and with expressions for 29 —2u, 4¢—4u , etc.

from equation (45) we can obtain expressions for
sin 29, sin 4@, sin 6¢, etc. as functions of n and

sin24, sin4u, sin 6, etc. Substituting these
expressions into equation (58) and simplifying gives a
series for conformal latitude ¢” as a function of

rectifying latitude z to order n®

¢ =u+ B, sin2u+ B, sindu+ f, sin6u
+0, sin8u+ B, sinl0u+ B, sin12u
+B, sinldu+ B sinl6u+--- (60)

where the coefficients {£3,} are
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[This is Kriiger's equation (10), §5, p. 14 extended to
order n*]
An expression for rectifying latitude ¢ as a function of
conformal latitude ¢’ and powers of n is obtained by
reversion of a series using Lagrange's theorem (see
Appendix).
UL=¢ +a,sin2¢"+a, sin4¢"+ &, sin 69" + &, sin 8¢’
+a,,sin10¢ + a,, sin12¢" + @, sin14¢’
+0, sin16¢"+- - (62)

where the coefficients {¢,} are
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[This is Kriiger's equation (11), §5, p. 14 extended to
order n*]

THE GAUSS-KRUGER PROJECTION

The Gauss-Kriiger projection is the result of a triple-
mapping in two parts (Bugayevskiy & Snyder 1995).
The first part is a conformal mapping of the ellipsoid to a
sphere (the conformal sphere of radius a) followed by a
conformal mapping of this sphere to the plane using the
spherical transverse Mercator projection equations with
spherical latitude ¢ replaced by conformal latitude ¢’ .

This two-step process is also known as the Gauss-
Schreiber projection (Snyder 1993) and the scale along
the central meridian is not constant. [Note that the
Gauss-Schreiber projection commonly uses a conformal

sphere of radius R =./p,0, where p, and v, are

evaluated at a central latitude for the region of interest.]
The second part is the conformal mapping from the
Gauss-Schreiber to the Gauss-Kriiger projection where
the scale factor along the central meridian is made
constant.

To understand this process we first discuss the spherical
Mercator and transverse Mercator projections. We then
give the equations for the Gauss-Schreiber projection and
show that the scale factor along the central meridian of
this projection is not constant. Finally, using complex
functions and principles of conformal mapping developed

by Gauss, we show the conformal mapping from the
Gauss-Schreiber projection to the Gauss-Kriiger
projection.

Having established the 'forward' mapping ¢,4 — X,Y

from the ellipsoid to the plane — via the conformal sphere
and the Gauss-Schreiber projection — we show how the
'inverse' mapping X,Y — ¢, 4 from the plane to the

ellipsoid is achieved.

In addition to the equations for the forward and inverse
mappings we derive equations for scale factor m and grid
convergence .

Mercator projection of the sphere

Y
R I
A f
LA PN
L | & aly r
NEE PN F’f‘ Y X
- LW 17 L ik
j T 2
" - T P [
K
T 0 T Q'f
7»0

Figure 2 Mercator projection
graticule interval 15°, central meridian A, =120°E

The Mercator projection of the sphere is a conformal
projection with the datum surface a sphere of radius R
with curvilinear coordinates ¢, 4 and Gaussian

fundamental quantities

e=R? f=0, g=R’cos’ ¢ (64)
The projection surface is a plane with X,Y Cartesian
coordinates and X = X (1) and Y =Y (¢) and Gaussian
fundamental quantities

2
E:[a—Y] , F=0, G= (GXJ (65)
Y Y

Enforcing the scale condition /4 =k and using equations
(30), (64) and (65) gives the differential equation

ay 1 dx

PPy (66)

This equation can be simplified by enforcing the
condition that the scale factor along the equator be unity
giving
1
cos @

dX =R dA and dY =

d¢

Integrating and evaluating constants of integration gives
the well known equations for Mercator's projection of the
sphere



X=R(A-4)=Rw

(67)
Y =RIntan({7+19)

where 4, is the longitude of the central meridian and
w=A1-4,.

An alternative set of equations for Mercator's projection
may be derived as follows by using the half-angle

1—cosx

X .
formula tan—= and writing

1+cosx

1-cos(4 -
cos (L7 +9) _ 1+s?n¢ . Using
1+cos(17+9) 1—-sing

this result in equation (67) gives

tan (47 +19)=

X=R(A-4)=Rw
Y=RIn 1+S'%n¢=§1n
l-sing 2

Transverse Mercator projection of the sphere
(Gauss-Lambert projection)

1+sin¢ (68)
1-sing

The equations for the transverse Mercator projection of
the sphere (also known as the Gauss-Lambert projection)
can be derived by considering the schematic view of the
sphere in Figure 3 that shows P having curvilinear
coordinates ¢, A that are angular quantities measured

along great circles (meridian and equator).

Now consider the great circle NBS (the oblique equator)
with a pole A that lies on the equator and great circles
through A, one of which passes through P making an
angle @ with the equator and intersecting the oblique
equator at C.

equator

7 S
Figure 3 Oblique pole A on equator

£ and @ are oblique latitude and oblique longitude
respectively and equations linking 5,0 and ¢, 4 can be
obtained from spherical trigonometry and the right-
angled spherical triangle CNP having sides §, 176,

17 —¢ and an angle at Nof w=A1- 4,

sin f = cos@sin @ (69)

tan @
cos @

tan @ =

(70)

Squaring both sides of equation (69) and using the
trigonometric identity sin® x+cos® x =1 gives, after
some algebra

cos B =cosgy/tan’ g+cos’ @ (71)
From equations (71) and (69)
sin @

tan f= ———on
Jtan® ¢ +cos’ w

Replacing ¢ with f and @ with € in equations (68);

then using equations (69), (70) and (144) give the
equations for the transverse Mercator projection of the
sphere (Lauf 1983, Snyder 1987)

u=R6O
=Rtan™ (Mj

(72)

cos

. . (73)
R1 [1+s1nﬁ] Rln[1+cos¢sma)]

v=—In = -
1—cos¢@sin w

2 1-sing) 2

= Rtanh™ (cos ¢sin @)

Figure 4 Transverse Mercator projection
graticule interval 15°, central meridian A4, =120°E



The transverse Mercator projection of the sphere is
conformal, which can be verified by analysis of the
Gaussian fundamental quantities e, f, g of the @, 4

spherical datum surface [see equations (64)] and E, F, G
of the u,v projection surface.

For the projection surface u =u(¢,®), v=v (¢, ®)

2
9¢) \0¢

F= Ju ou +ii (74)
0P 0w J¢ oW
2 2
G:(a_“j +(ij
ow ow
Differentiating equations (73) noting that
itan'1 y= ! - il and —tanh™ y = - il gives
dx 1+y” dx dx 1-y dx
ou _ Rcosw Qu _ Rsingcosgcos @
9 1-cos’gsin @’ dw  1-cos’ gsin’ @ 75)
dv _ —Rsingsin®  dv _ Rcosgcosw
0 1-cos’¢sin @’ dw 1—cos® gsin’ @
and substituting these into equations (74) gives
2 2 2
R F=0,G=—R? 5

1—-cos’ ¢sin’ @ 1—cos’ ¢sin’ @

Now using equations (30), (64) and (76) the scale factors
h and k are equal and f = F =0, then the projection is

conformal.

Gauss-Lambert scale factor

Since the projection is conformal, the scale factor

m=h=k=+E/Je and

1
\J1—cos® gsin’* @

= 1+%cos2 @sin’ a)+§cos4 psin®* @+ (77)

m =

Along the central meridian @ =0 and the central
meridian scale factor m, =1

Gauss-Lambert grid convergence

The grid convergence ¥ is the angle between the

meridian and the grid-line parallel to the u-axis and is
defined as

tan y =

7
T (78)

and the total differentials du and dv are

Ju Ju dv dv
du=—d¢+—dw and dv=—dop+—dw 79
"= 30 =96 20 (7
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Along a meridian @ is constant and d@w =0, and the
grid convergence is obtained from

o fou
99/ 09
and substituting partial derivatives from equations (75)
gives

tan y = (80)

y=tan"' (sin ¢ tan ®) (81)

Transverse Mercator projection of the conformal sphere
(Gauss-Schreiber projection)

The equations for the transverse Mercator projection of
the conformal sphere are simply obtained by replacing
spherical latitude ¢ with conformal latitude ¢" in

equations (73) and noting that the radius of the conformal
sphere is a to give

u=atan” (tan¢ J
cos @ (82)

v =atanh™ (cos¢’sin )

[These are Kriiger's equations (36), §8, p. 20]

Alternatively, replacing ¢ with # and @ with € in

equations (67) then using equations (70), (72) and the
identity (147); and finally replacing spherical latitude ¢

with conformal latitude ¢* gives (Karney 2010)

u=atan™ (MJ

cos @

. (83)
sin @ J

v =asinh™ | ——ov=
Jtan® ¢ +cos’> @

tan ¢, which appears in both equations (83), can be

evaluated by using hyperbolic and inverse hyperbolic
functions (see Appendix) and equation (51) in the
following manner.

Using equation (147) of the Appendix we may write
Intan (17 +1¢") =sinh™' tan ¢’ (84)

And the right-hand-side of equation (51) can be written as

1+¢&sing

Intan({7+1¢4)-1eln| ———

(37+30)-3 [l—gsin¢J
=sinh™' tang— e tanh™' (€sin @) (85)

Equating (84) and (85) gives
sinh™ tan ¢’ =sinh™' tang— e tanh™' (£sin @) (86)

With the substitution

o =sinh {Stanh'l [Lﬁw]} 87)
J1+tan’ ¢

and some algebra, equation (86) can be rearranged as
(Karney 2010)




tan ¢’ = tan g1+ 6> — o1+ tan’ ¢ (88)

The Gauss-Schreiber projection is also conformal since
¢ can be replaced by ¢ in the previous analysis and

Ele=G/g,and f=F=0.

Gauss-Schreiber scale factor
The scale factor is given by equation (28) as
. (ds)’
m- = 3
(ds)

(89)

For the datum surface (ellipsoid) equations (17) and (19)
give (noting that dw=dA)

(ds)’ = p?
For the projection plane

(dS)” = (du)’ +(dv)’ )

(dg)’ +v* cos’ ¢(dw)’ (90)

u=u(@,w) and v=v(¢,®) are given by equations (82);

and the total differentials are

du =%d¢+—da) and dvzg—;d¢+—da) (92)

a9

Since the projection is conformal, scale is the same in all
directions around any point. It is sufficient then to
choose any one direction, say along a meridian where @
is constant and dw=0. Hence

2 2
m’ = Lz o + o (93)
P |\og 99
The partial derivatives are evaluated using the chain rule
for differentiation and equations (33), (54) and (82)

Iy W vy,
99 09 oy 99 99 04 oy 3¢
with
dy __ e-l
d¢  (1-¢sin’ ¢)cosg
W 2ewW) oy
oy l+exp(2y) 95)
ou acos @
9¢'  1—cos’ ¢'sin’> @
dv _ —asing’sinw

8_¢' 1—cos’ ¢'sin’ @

Substituting equations (95) into equations (94) and then
into equation (93) and simplifying gives the scale factor
m for the Gauss-Schreiber projection as

\/1+tan ¢\/1 £ sin’ ¢

\/tan ¢ +cos’ @

(96)
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Along the central meridian of the projection @ =0 and
the central meridian scale factor m, is

cos ¢’
m, = —«/1—82 sin® ¢

C°S¢ {1—282 sin’ ¢—ég“ sin“;p—--} 97)

cos @

m, is not constant and varies slightly from unity, but a

final conformal mapping from the Gauss-Schreiber u,v
plane to an X,Y plane may be made and this final
projection (the Gauss-Kriiger projection) will have a
constant scale factor along the central meridian.

Gauss-Schreiber grid convergence

The grid convergence for the Gauss-Schreiber projection

is defined by equation (80) but the partial derivatives

must be evaluated using the chain rule for differentiation
9v /ou

[equations (94)] and
ou| _ v / du
¢/ 94| |09’/ o9

Using equations (95) the grid convergence for the Gauss-
Schreiber projection is

tan y = (98)

y=tan"' (sin¢ tan @) = tan”' [w] (99)

J1+tan® ¢’

Conformal mapping from the Gauss-Schreiber to the
Gauss-Kriiger projection

Using conformal mapping and complex functions (see
Appendix), suppose that the mapping from the u,v plane
of the Gauss-Schreiber projection (Figure 4) to the X, Y
plane of the Gauss-Kriiger projection (Figure 5) is given
by

1 . .

Z(Y+1X)=f(u+tv) (100)
where the Y-axis is the central meridian, the X-axis is the
equator and A is the rectifying radius.

Let the complex function f (u+iv) be

f(u+iv)=£+il
a a

Zem(i)re(l)

where a is the radius of the conformal sphere and «,, are

(101)

as yet, unknown coefficients.



Expanding the complex trigonometric function in
equation (101) gives

. u v
+ —_+ J—
f(u zv) i

(102)

sin 2r [ZJ cosh 2){1}
a a
! +icos Zr[zjsinh Zr(lj
a a

and equating real and imaginary parts gives

Y u u
— =—+ > K, sin2r| — |cosh2r
A a ,Z:; o (dj (

X v u
—=—+ ) Kk, cos2r| — |sinh2r
A a Z; o (aj (

Now, along the central meridian v =0 and

)
)

cosh2v =cosh4v=-.-=1 and % in equation (103)

Q<

(103)

Q| <

becomes

Youi, sin2(£j+l(4 sin4(ﬁj+x6 sin6(£j---(104)
A a a a a

LU,
Furthermore, along the central meridian — is an angular
a

quantity that is identical to the conformal latitude ¢ and
equation (104) becomes

% = ¢ +k,sin2¢"+ k, sind¢’+ i, sin6¢”---  (105)

Now, if the central meridian scale factor is unity then the
Y coordinate is the meridian distance M, and % = % =U
is the rectifying latitude and equation (105) becomes

U=¢ +K,sin2¢ + Kk, sind¢ + &, sin6¢”---  (106)

This equation is identical in form to equation (62) and we
may conclude that the coefficients {x,,} are equal to the

coefficients {e,,} in equation (62); and the Gauss-

Kriiger projection is given by

X= A{K + Z% cos Zr(zjsinh Zr[l)}
a o a a

Y= A{ﬁ + Z‘er sin Zr(ﬁjcosh Zr(lj}
a ‘o a a

[These are Kriiger's equations (42), §8, p. 21.]

(107)

A is given by equation (40), % and % are given by

equations (83) and we have elected to use coefficients
a,, upto r =8 given by equations (63).
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Figure 5 Gauss-Kriiger projection
graticule interval 15°, central meridian A4, =120°E

[Note that the graticules of Figures 4 and 5 are for
different projections but are indistinguishable at the
printed scales and for the longitude extent shown. If a
larger eccentricity was chosen, say € == (f =1/199.5)

and the mappings scaled so that the distances from the
equator to the pole were identical, there would be some
noticeable differences between the graticules at large
distances from the central meridian. One of the authors
(Karney 2010, Fig. 1) has examples of these graticule
differences.]

Finally, X and Y are scaled and shifted to give E (east)
and N (north) coordinates related to a false origin

E=mX+E,

(108)
N=myY+N,

m, is the central meridian scale factor and the quantities
E,,N, are offsets that make the E,N coordinates positive

in the area of interest. The origin of the X, Y coordinates
is at the intersection of the equator and the central
meridian and is known as the true origin. The origin of
the E,N coordinates is known as the false origin and it is
located at X =—FE;,Y =—N,.

0>

Gauss-Kriiger scale factor

The scale factor for the Gauss-Kriiger projection can be
derived in a similar way to the derivation of the scale
factor for the Gauss-Schreiber projection and we have

2

(dS)’ =(dx )’ +(dY)
(ds)* = p* (d@)’ +v* cos’ ¢ (dw)’

where X = X (u,v), ¥ =Y (u,v) and the total
differentials dX and dY are

170.4 zg—xdu +aa—de
u V
(109)
dy za—Ydu +a—de
ou v

du and dv are given by equations (92) and substituting
these into equations (109) gives



oX 2.4
x =2 (% g 2o T 2

oY oY
v = au{a¢d¢ dw } av{a¢d¢

Choosing to evaluate the scale along a meridian where @
is constant and dw =0 gives

[GX ou ax avJ
d¢
dudp v 0
aua¢ 8v8¢ (o
You dY ov
d
[8»1 B(D v ngJ ¢
and
2 2 2
)@@y
(ds)” p*(dg)
Differentiating equations (107) gives
X A 9X A 9Y JdX 0Y
oy =ty T2 or __oX (112)
du a Jdv a du Jdv I du
where
q:—ina s1n2r( Jsthr(vj
- ¢ ¢ (113)

—1+22ra cosZr( jcosth(vj
a a

r=1

Substituting equations (112) into (110) and then into the
equation (111) and simplifying gives

g ) o

The term in braces { } is the square of the scale factor

for the Gauss-Schreiber projection [see equation (93)]
and so, using equation (96), we may write the scale factor
for the Gauss-Kriiger projection as

A B \/1+tan ¢\/1 £*sin’ ¢
=my| — [\qg +p 115
e (aj 1 { tan” ¢"+cos” @ } (1

where m, is the central meridian scale factor, ¢ and p are

found from equations (113), tan ¢’ from equation (88)
and A from equation (40).

Gauss-Kriiger grid convergence

The grid convergence for the Gauss-Kriiger projection is
defined by

dX
tan y = |[— 116
/4 ‘dY‘ (116)

Using equations (110) and (112) we may write equation
(116) as

13

du v q (dv /du
‘qaﬂ’ ”{3 8]

tany = 4 J¢ = 4/ 99 (117)
al_qav 4 v /ou
UFYIRFY: P\ 3g/ 94

Let ¥ =7, +7,, then using a trigonometric addition
formula write

tan , +tan 7,

(118)
1—tan y, tany,

tany=tan(y +7,)=
Noting the similarity between equations (117) and (118)
we may define
» fou
dp/ 99

and y, is the grid convergence on the Gauss-Schreiber

tan 7, :‘%‘ and tany, = (119)

projection [see equations (98) and (99)]. So the grid
convergence on the Gauss-Kriiger projection is

y=tan"' [QJ ttant| 0PN D
p J1+tan® ¢

Conformal mapping from the Gauss-Kriiger projection to
the ellipsoid

(120)

The conformal mapping from the Gauss-Kriiger
projection to the ellipsoid is achieved in three steps:

(i) A conformal mapping from the Gauss-Kriiger to the
Gauss-Schreiber projection giving u,v coordinates,
then

(i) Solving for tan¢” and tan @ given the u,v Gauss-
Schreiber coordinates from which 4 =4, * @, and
finally

(iii) Solving for tan ¢ by Newton-Raphson iteration and
then obtaining ¢ .

The development of the equations for these three steps is
set out below.

Gauss-Schreiber coordinates from Gauss-Kriiger
coordinates

In a similar manner as outlined above, suppose that the
mapping from the X, Y plane of the Gauss-Kriiger
projection to the u,v plane of the Gauss-Schreiber
projection is given by the complex function

l(u+iv)=
a

F(Y+iX) (121)

If E,N coordinates are given and E,, N, and m, are

known, then from equations (108)

E—-E N-—N,
X=—"and Y = 0
m, m,

(122)




Let the complex function F (Y +iX) be

F(Y+iX)=§+i§

+§:‘ K,, sin [Zr(gj +i Zr[ﬁn

where A is the rectifying radius and K, are as yet

(123)

unknown coefficients.

Expanding the complex trigonometric function in
equation (123) and then equating real and imaginary parts

gives
“_ z Z _sin ZrKXJcosh Zr[ij
a A =S A A
P v y (124)
yY_£ ZK cos 2r( jsinh Zr[—j
a A =S A A

Along the central meridian % = % = u the rectifying

latitude and X =0 and cosh(O) =1. Also, “ is an
a

angular quantity that is identical to the conformal latitude

¢’ and we may write the first of equations (124) as
¢ =pu+K,sin2u+K,sindu+K,sin6u+--- (125)

This equation is identical in form to equation (60) and we
may conclude that the coefficients {K,,} are equal to the

coefficients {/3,,} in equation (60) and the ratios — and
a

v .
— are given by
a

>.<

Z+ Z B, sin Zr( jcosh 2{%}
7+ Z B,, cos 2{ Jsinh 2{%}

where A is given by equation (40) and we have elected to
use coefficients f3,, up to r =8 given by equations (61).

(126)

><

m|< m|:

Conformal latitude and longitude difference from Gauss-
Schreiber coordinates

Equations (83) can be re-arranged and solved for tan ¢’

. .ou VoL
and tan @ as functions of the ratios — and — giving
a a

“[:)
o
o=l /ool

tang’ =

(127)
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Solution for latitude by Newton-Raphson iteration

To evaluate tan¢ after obtaining tan ¢’ from equation

(127) consider equations (87) and (88) with the
substitutions ¢ =tan¢ and " = tan ¢’

' =t1+06° —oN1+1 (128)
and o =sinh Stanhl[ et ] (129)
N1+1

t =tan ¢ can be evaluated using the Newton-Raphson
method for the real roots of the equation f (1)=0 given

in the form of an iterative equation

=t _M (130)

n+l n f,(ln)

where 7, denotes the n™ iterate and f (1) is given by

f(t)=tN1+0’ —oV1+1* -1 (131)
The derivative f(¢ { f(t }is given by
V1
:(\/1+ NI m)( £ NI+ (132)

1+(1-¢%)7’
where t'=tan¢’ is fixed.

An initial value for ¢, can be taken as #, =¢'=tan¢” and
the functions f(#,) and f’(#,) evaluated from equations

(129), (131) and (132).

equation (130) and this process repeated to obtain
t,,t,,.... This iterative process can be concluded when

t, is now computed from

the difference between ¢ ,, and ¢, reaches an acceptably

1+1
small value, and then the latitude is given by

g=tan’'1,,

This concludes the development of the Gauss-Kriiger
projection.

TRANSFORMATIONS BETWEEN THE ELLIPSOID AND THE
GAUSS-KRUGER PLANE

Forward transformation: ¢, A — X.,Y given q, f, 4,,m,

1. Compute ellipsoid constants £, n and powers
n’on’,...,nt

2. Compute the rectifying radius A from equation (40)

3. Compute conformal latitude ¢’ from equations (87)
and (88)
Compute longitude difference @=A4- 4,

5. Compute the u,v Gauss-Schreiber coordinates from
equations (83)
Compute the coefficients {a,, } from equations (63)

. Compute X,Y coordinates from equations (107)
8. Compute g and p from equations (113)



9. Compute scale factor m from equation (115)
10. Compute grid convergence ¥ from equation (120)

Inverse transformation: X,Y — ¢,4 given a, f,4,,m,

1. Compute ellipsoid constants £, n and powers
n’,n,...n
2. Compute the rectifying radius A from equation (40)

3. Compute the coefficients {/,,} from equations (61)

4. Compute the ratios %,% from equations (126)

5. Compute conformal latitude ¢" and longitude

difference @ from equations (127)
6. Compute ¢ =tan ¢ by Newton-Raphson iteration

using equations (130), (131) and (132)
7. Compute latitude ¢ =tan"'¢ and longitude

A=l*tow
8. Compute the coefficients {¢,} from equations (63)

9. Compute g and p from equations (113)
10. Compute scale factor m from equation (115)
11. Compute grid convergence ¥ from equation (120)

ACCURACY OF THE TRANSFORMATIONS

One of the authors (Karney, 2010) has compared Kriiger's
series to order n® (set out above) with an exact transverse
Mercator projection defined by Lee (1976) and shows
that errors in positions computed from this series are less
than 5 nanometres anywhere within a distance of 4200
km of the central meridian (equivalent to w=37.7" at the
equator). So we can conclude that Kruger's series (to
order n*) is easily capable of micrometre precision
within 30° of a central meridian.

THE 'OTHER' GAUSS-KRUGER PROJECTION

In Kriiger's original work (Kriiger 1912) of 172 pages
(plus vii pages), Kriiger develops the mapping equations
shown above in 22 pages, with a further 14 pages of
examples of the forward and inverse transformations. In
the next 38 pages Kriiger develops and explains an
alternative approach: direct transformations from the
ellipsoid to the plane and from the plane to the ellipsoid.
The remaining 100 pages are concerned with the
intricacies of the geodesic projected on the transverse
Mercator plane, arc-to-chord, line scale factor, etc.

This alternative approach is outlined in the Appendix and
for the forward transformation [see equations (160)] the
equations involve functions containing powers of the

. . . M
longitude difference @, ,... and derivatives L:i_ N
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&M dM
dy?’ dy? T
equations (165) and (167)] the equations involve powers

dg,

and derivatives ———,
Vi

.. For the inverse transformation [see

of the X coordinate X2, X°, X*,...

15

d’¢  d’¢,

dy}’ dy )G ) G ) G
transformations, the higher order derivatives become
excessively complicated and are not generally known (or
approximated) beyond the eighth derivative.

Redfearn (1948) and Thomas (1952) both derive identical
formulae, extending (slightly) Kruger's equations, and
updating the notation and formulation. These formulae
are regarded as the standard for transformations between
the ellipsoid and the transverse Mercator projection. For
example, GeoTrans (2010) uses Thomas' equations and
Geoscience Australia defines Redfearn's equations as the
method of transformation between the Geocentric Datum
of Australia (ellipsoid) and Map Grid Australia
(transverse Mercator) [GDAV2.3].

2 3
d dy, dy dy, . For both

The apparent attractions of these formulae are:

(i) their wide-spread use and adoption by government
mapping authorities, and
(ii) there are no hyperbolic functions.

The weakness of these formulae are:
(a) they are only accurate within relatively small bands

of longitude difference about the central meridian
(mm accuracy for @< 6") and

(b) atlarge longitude differences (a) > 30”) they can

give wildly inaccurate results (1-2 km errors).

The inaccuracies in Redfearn's (and Thomas's) equations
are most evident in the inverse transformation
X,Y > ¢, . Table 1 shows a series of points each

having latitude ¢ =75" but with increasing longitude

differences @ from a central meridian. The X,Y
coordinates are computed using Kriiger's series and can
be regarded as exact (at mm accuracy) and the column
headed Readfearn ¢, @ are the values obtained from
Redfearn's equations for the inverse transformation. The
error is the distance on the ellipsoid between the given
@, in the first column and the Redfearn ¢, @ in the

third column.

The values in the table have been computed for the
GRS80 ellipsoid (a =6378137 m, f = 1/298.257222101 )

with m, =1

point Gauss-Kriiger | Redfearn error
@75° | X 173137.521 | ¢ 75° 00' 00.0000" 0.001
® 6° Y 8335703.234 | ® 5°59'59.9999" ]
@75° | X 287748.837 | ¢ 75° 00' 00.0000" 0.027
® 10° | Y 8351262.809 | ® 9°59'59.9966" )
@75° | X 429237.683 | ¢ 75°00' 00.0023" 1120
® 15° | Y 8381563.943 | o 14°59' 59.8608" ]
@75° | X 567859.299 | ¢ 75°00' 00.0472" 16.888
®20° | Y 8423785.611 |  19°59'57.9044" ]
@75° | X 832650961 | ¢ 75°00' 03.8591" 942737
®30° | Y 8543094.338 | 29°58'03.5194" )
@75° | X 956892.903 | ¢ 75°00' 23.0237" 4.9km
®35° | Y8619555.491 | o 34°49' 57.6840" ]

Table 1



This problem is highlighted when considering a map of
Greenland (Figure 6), which is almost the ideal 'shape' for
a transverse Mercator projection, having a small east-
west extent (approx. 1650 km) and large north-south
extent (approx. 2600 km).

Figure 6 Gauss-Kriiger projection of Greenland
graticule interval 15°, central meridian A4, =45"W

Points A and B represent two extremes if a central
meridian is chosen as 4, =45W. A (¢=70°N,

A =22°30'W ) is a point furthest from the central
meridian (approx. 850 km); and B (¢ =78 N

A =75"W ) would have the greatest west longitude.

Table 2 shows the errors at these points for the GRS80
ellipsoid with m, =1 for the inverse transformation using

Redfearn's equations.

point Gauss-Kriiger | Redfearn error
A ¢ 70° X 842115.901 | ¢ 75°00' 00.2049" 64.282
®22.5° | Y7926858.314 | o 22°29'53.9695" )
B 78° X -667590.239 | ¢ 78° 00" 03.1880" 784.799
o -30° Y 8837145.459 | ©-29° 57' 59.2860" )
Table 2
CONCLUSION

We have provided here a reasonably complete derivation
of the Gauss-Kriiger projection equations that allow
micrometre accuracy in the forward and inverse
mappings between the ellipsoid and plane. And we have
provided some commentary on the 'other' Gauss-Kriiger
equations in wide use in the geospatial community.
These other equations offer only limited accuracy and
should be abandoned in favour of the equations (and
methods) we have outlined.

Our work is not original; indeed these equations were
developed by Kriiger almost a century ago. But with the
aid of computer algebra systems we have extended
Kriiger's series — as others have done, e.g. Engsager &
Poder (2007) — so that the method is capable of very high
accuracy at large distances from a central meridian. This
makes the transverse Mercator projection a much more
useful projection for the geospatial community.
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We also hope that this paper may be useful to mapping
organisations wishing to 'upgrade' transformation
software that use formulae given by Redfearn (1948) or
Thomas (1952) — they are unnecessarily inaccurate.

NOMENCLATURE
This paper Kriiger
o, coefficients in series for u V4
. coefficients in series for ¢’ B
B oblique latitude
y  grid convergence c
&  eccentricity of ellipsoid e
& eccentricity of ellipsoid squared e
&7 2nd eccentricity of ellipsoid squared
¢  oblique longitude
A longitude L
A, longitude of central meridian
u  rectifying latitude g
p  radius of curvature (meridian) R
v radius of curvature (prime vertical) N
o function of latitude
¢  latitude B
¢ conformal latitude b
¥ isometric latitude w
®  longitude difference: w=A1-4,
angle between parametric curves
A rectifying radius A
a semi-major axis of ellipsoid a
b semi-minor axis of ellipsoid b
c polar radius of curvature
ds  differential distance on datum surface
dS  differential distance on projection surface
e Gaussian fundamental quantity
f flattening of ellipsoid
Gaussian fundamental quantity
g Gaussian fundamental quantity
h scale factor along meridian
k scale factor along parallel
M meridian distance X
m  scale factor m
m, central meridian scale factor m,
n 3rd flattening of ellipsoid n
Q  quadrant length of ellipsoid m
s distance on ellipsoid s
t t=tan¢@
Y t=tang
u transverse Mercator coordinate &
VvV ellipsoid latitude function (0]
v transverse Mercator coordinate n
W ellipsoid latitude function



APPENDIX
Reversion of a series

If we have an expression for a variable z as a series of
powers or functions of another variable y then we may,
by a reversion of the series, find an expression for y as
series of functions of z. Reversion of a series can be done
using Lagrange's theorem, a proof of which can be found
in Bromwich (1991).

Suppose that
y=z+xF(y) or z=y—xF(y) (133)
then Lagrange's theorem states that for any f
F(0)=F @+ F ()£ ()
x*d 2,
e FEY £ ()]
X d? 3,
i FEY )]
+--
xn dnfl 0,
# S @Y )]
+- (134)

As an example, consider the series for rectifying latitude

u
U=0¢+d,sin2¢+d,sindg+dsin6g+-- (135)
And we wish to find an expression for ¢ as a function of

u.

Comparing the variables in equations (135) and (133),
7=, y=¢ and x=—1; and if we choose f(y)=1y

then f(z)=z and f’(z)=1. So equation (135) can be

expressed as
H=9+F(p) (136)

and Lagrange's theorem gives

¢=ﬂ—F(ﬂ)+%i[{F(ﬂ)}2}

-
{F (]

—1\" n—1
) d
n! du"!

(137)

where
F(¢)=d,sin2¢+d,sindg+d,sin6p+:--
and so

F(u)=d,sin2p+d,sindp+d,sin6p+---
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Taylor's theorem

This theorem, due to the English mathematician
Brook Taylor (1685-1731) enables a function
f(x) near a point x =a to be expressed from the

values f(a) and the successive derivatives of

f(x) evaluated at x=a .

Taylor's polynomial may be expressed in the
following form

f)=fla+(x-a)f'(a)+ f(@)

(x_a)3 ”
e

(x- a)"_l

(n—l)!

where R, is the remainder after n terms and f'(a) ,

(x-a)

2

+

"V (a)+R, (138)

f7(a),... etc. are derivatives of the function f (x)

evaluated at x=a .

Taylor's theorem can also be expressed as power series

(139)

where /Y (a)= {d_k (X)L

As an example of the use of Taylor's theorem, suppose
we have an expression for the difference between latitude
¢ and the rectifying latitude 4 [see equation (45)]

¢o—u=D,sin2u+D,sindu+ D, sin6p+--- (140)

and we wish to find expressions for sin2¢, sin4¢,

sin6¢, etc. as functions of u .

We can use Taylor's theorem to find an expression for

f(¢)=sing about ¢ =y as

sing = sin,u+(¢—ﬂ)di¢sm ¢|¢:u
1 2 d* .
0 Gsinl,
d3
d¢’

1 3 .
+§(¢—y) s1n¢|¢z#
+...

giving

sing =sin u +(¢— i) cos 1 — sin i

—W_Tﬂ)cos,u+

(p—n)
2

(141)

(p—u)'
24

sin g +---

Replacing ¢ with 2¢ and x4 with 24 in equation (141)
and substituting ¢ — x4 from equation (140) gives an



expression for sin2¢. Using similar replacements and
substitutions, expressions for sin4¢, sin6¢, etc. can be
developed.

Hyperbolic functions

The basic functions are the hyperbolic sine of x, denoted
by sinh x, and the hyperbolic cosine of x denoted by
cosh x ; they are defined as

exp(x)—exp(—x)

sinh x =
2 (142)
e +exp(—
coshx = —xp(x) xp( x)
2
Other hyperbolic functions are in terms of these
tanh x = sinh ¢ , cothx= !
cos1 X tanh x (143)
sechx = , cosech x=—
cosh x sinh x

The inverse hyperbolic function of sinhx is sinh™ x and
is defined by sinh™' (sinhx) = x . Similarly cosh™ x and
tanh™ x are defined by cosh™ (coshx)=x and

tanh™' (tanh x) = x; both requiring x>0 and as a

consequence of the definitions

sinh’llen(x+\/x2+1) —00 < X < 00
cosh'lx:ln(x+\/x2—1) x>1 (144)
-l<x<l1

tanh™ x = %ln (H_x}

1-x

A useful identity linking circular and hyperbolic
functions used in conformal mapping is obtained by
considering the following.

Using the trigonometric addition and double angle
formula we have

costx+sindx

Intan ({7 +1x)=In—2— 2=

costx—sinlx

1 i1\ .

(cosix+sindx) 1+sinx

=In o ——=In
Cos EX—SIH 72X

(145)
cosx

Also, replacing x with tan x in the definition of the
inverse hyperbolic functions in equations (144) we have

sinh™ tan x :ln(tanx+\/1+tan2 x)

1+sinx

=In(tan x+secx)=1In (146)

COos x

1+sinx

And equating In from equations (145) and (146)

cos x
gives

Intan ({7 +1x)=sinh™ tanx (147)
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Conformal mapping and complex functions

A theory due to Gauss states that a conformal mapping
from the ¥, @ datum surface to the X,Y projection

surface can be represented by the complex expression

Y+iX = f(y+io) (148)

Providing that  and @ are isometric parameters and
the complex function f (Y +i®) is analytic. i= J-1
(the imaginary number), and the left-hand side of
equation (148) is a complex number consisting of a real
and imaginary part. The right-hand-side of equation

(148) is a complex function, i.e., a function of real and
imaginary parameters ¥ and @ respectively. The

complex function f (¥ +iw) is analytic if it is

everywhere differentiable and we may think of an
analytic function as one that describes a smooth surface
having no holes, edges or discontinuities.

Part of a necessary and sufficient condition for
f (w+im) to be analytic is that the Cauchy-Riemann

equations are satisfied, i.e., (Sokolnikoff & Redheffer
1966)

Y X

oY 0X
— =——an - —
oy Jw

20 o (149)
As an example, consider the Mercator projection of the
sphere shown in Figure 2 where the conformal mapping
from the sphere (datum surface) to the plane is given by
equations (67) and using the isometric latitude given by
equation (34) the mapping equations are

X=R(A-4)=Rw

(150)
Y=RIntan({7+1¢)=Ry
These equations can be expressed as the complex
equation
Z=Y+iX =R(y+iw) (151)

where Z is a complex function defining the Mercator
projection.

The transverse Mercator projection of the sphere shown
in Figure 4 can also be expressed as a complex equation.
Using the identity (147) and equation (150) we may
define the transverse Mercator projection by

Z=Y+iX =R(sinh™” tan g +iw) (152)
Now suppose we have another complex function
w=u+iv=tan'sinhZ (153)

representing a conformal transformation from the X,Y
plane to the u,v plane.



What are the functions u and v?

It turns out, after some algebra, u and v are of the same
form as equations (83)

u=Rtan™ (Mj

cos @
sin @

(154)
JJtan® ¢+ cos’ a)]

and the transverse Mercator projection of the sphere is
defined by the complex function

v = Rsinh™ [

w=u+iv
_,( tan
an~ [ 209
cos @
sin @

=R (155)
+isinh™ | ————
Jtan® ¢ +cos’ w

Other complex functions achieve the same result. For
example Lauf (1983) shows that

w=u+iv=2R{tan’1 exp(l//+ia))—%7r} (156)

is also the transverse Mercator projection.

An alternative approach to developing a transverse
Mercator projection is to expand equation (148) as a
power series.

Following Lauf (1983), consider a point P having
isometric coordinates ¥, ® linked to an approximate
location ¥, @, by very small corrections dy,dw such
that y =y, + oy and w= @, + dw; equation (148)

becomes
Y+iX =f(y+io)
= f{(vo +ow)+i(@, + o)}
= f{(vo+ia,) +(Sy +idw)}

=f(z,+02)=f(z) (157)

The complex function f(z) can be expanded by a

Taylor series [see equation (139)]

f(z)zf(z())+5zf(l)(Z())+(52_Z!)f(2)(z(>)

(52)°
3!

I (z) +-- (158)

+

where " (z,), f”(z,), etc. are first, second and
higher order derivatives of the function f(z) can be

evaluated at z = z,. Choosing, as an approximate

location, a point on the central meridian having the same
isometric latitude as P, then oy =0 (since ¥ =y, + oy

and ¥, =y ) and dw= o (since ®= @, + 6w and
@, =0), hence z, =y, +iw, =y and
0z=0y+idw=im.
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The complex function f(z) can then be written as

f()=f(v+io)

=/ (w)+iof" (v)+

(ia))3

L7 )+

(159)

V(). £ (w), etc. are first, second and higher order

derivatives of the function f ().

Substituting equation (159) into equation (157) and
equating real and imaginary parts (noting that

i*=-1,i=—i,i*=1,etc. and f(y)=M) gives
aM & d’M @ d°M & d'M
X=0— ot
dy 3! dy 5! dy 7! dy (160)
2 2 4 4 6 6
Y:M—w dM+a) dM_a) a’m

20 dy? 4l dyt 6! dyf

In this alternative approach, the transformation from the
plane to the ellipsoid is represented by the complex
expression

y+io=F(Y+iX) (161)

And similarly to before, the complex function F (Y +iX)

can be expanded as a power series giving

Y +io :F(Y)+iXF“)(Y)+(iX) FO(y)

When X =0, ®=0; but when X =0 the point
P(¢,w) becomes P, (¢,,0), a point on the central
meridian having latitude ¢ known as the foot-point
latitude. Now ¥, is the isometric latitude for the foot-
point latitude and we have F(Y)=y,

Substituting equation (162) into equation (161) and
equating real and imaginary parts gives

X dy Xdy X0dw

v=vy

| 2 | 4 | 6
21 a’Y3 3 41 d)g 5 6! d{ i (163)
pox W X v X & X dy,
dy 3! 4yt 5\ dy’ 7! dY’

The first of equations (163) gives y in terms of ¥, but
we require ¢ in terms of ¢ . Write the first of equations
(163) as
Y=y, +oy (164)
where
Xdy X'dy X°dy,
20 dy* 40 ay* 6! dY°

oy = +-+- (165)



And latitude ¢ = g(y) = g (y, + dy) can be expanded as

another power series

1 ) e
o=y )rows” ()« g y)
*w;//') ¢ )+ (166)

Noting that g (¥,)=¢, we may write the transformation

as

sy) a’¢ (ov)' a*
p—g+ oy o (V) d0 (V) d'9
dy, 2! dy, 4! dy,
_xn X dy, X dy, XTdy
dy 30 .dy* 504y’ 7! 4y’

(167)
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NOTE ON MINOR CORRECTIONS TO ORIGINAL VERSION

Equation (46) in the original version had the coefficient

151 . .
s = 4i8 n® —---. This was incorrect and has been
151 , o . .
amended to D, = 96 n” —---in this version. This error

was discovered by John Nolton, retired geodetic
surveyor, and kindly reported to the authors. Thank you,
John. (Rod Deakin, randm.deakin @ gmail.com)



